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Abstract
Phenomenology of the Basis-Independent CP-Violating Two-Higgs Doublet
Model
by
Deva A. O’Neil
The Two-Higgs Doublet Model (2HDM) is a model of low-energy particle interactions
that is identical to the Standard Model except for the addition of an extra Higgs doublet.
This extended Higgs sector would appear in experiments as the presence of multiple
Higgs particles, both neutral and charged. The neutral states may either be eigenstates
of CP (in the CP-conserving 2HDM), or be mixtures of CP eigenstates (in the CP-
violating 2HDM). In order to understand how to measure the couplings of these new
particles, this document presents the theory of the CP-violating 2HDM in a basis-
independent formalism and explicitly identifies the physical parameters of the model,
including a discussion of tan β-like parameters. The CP-conserving limit, decoupling
limit, and the custodial limit of the model are presented.
In addition, phenomenological constraints from the oblique parameters (S, T ,
and U) are discussed. A survey of the parameter space of this model shows that the
2HDM is consistent with a large range of possible values for T . Our results also suggest
that the 2HDM favors a slightly positive value of S and a value of U within .02 of zero,
which is consistent with present data within the statistical error. In a scenario in which
the heaviest scalar particle is the charged Higgs boson, we find that the measured value
of T puts an upper limit on the mass difference between the charged Higgs boson and
the heaviest neutral Higgs boson.
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Chapter 1
Introduction
The nature of electroweak symmetry breaking is one of the most important
remaining puzzles in particle physics today. The Standard Model of particle physics
contains a mechanism for electroweak symmetry breaking (EWSB), but experimental
confirmation for it has not yet materialized. Many other models of EWSB have also
been proposed. Since the Large Hadron Collider, which will start running in fall 2009,
is optimized to make discoveries at the electroweak scale, refining experimental predic-
tions and constraints for these models is a pressing research goal. The purpose of this
document is to explore electroweak symmetry breaking through the Two-Higgs Doublet
Model (2HDM), an extension of the Standard Model. The 2HDM presents interesting
theoretical possibilities, such as CP-violation in the scalar sector of the theory. It also
presents challenges, since its phenomena are constrained by electroweak precision data.
In this document a basis-independent version of the 2HDM will be presented in both
CP-conserving and CP-violating scenarios. In addition to the formalism of the model,
identification of the observable parameters of the 2HDM will be emphasized. New
insights into custodial symmetry in the context of this model will also be discussed.
Finally, the phenomenology of the CP-violating 2HDM will be explored, making use of
the “oblique” parameters S, T, and U; and the well-known parameter tan β.
1.1 Electroweak Symmetry Breaking in the Standard Model
The Standard Model of particle physics is constructed by applying gauge sym-
metries to the interactions of fundamental particles. At high energies (above the elec-
troweak scale) the gauge group is SU(3)×SU(2)×U(1). Here we will focus on the elec-
troweak sector of the theory [SU(2)×U(1)], introduced by Glashow, Weinberg, and
Salam [48, 49]. A gauge symmetry alone requires a massless vector field correspond-
ing to each generator of the symmetry group. However, spontaneous breaking of the
gauge symmetry produces masses for the vector fields. The breaking of SU(2)×U(1)
to U(1)EM leads to one gauge boson remaining massless (which we identify as the pho-
ton) and three gauge bosons acquiring mass, which reproduces the pattern observed in
nature in the electroweak interactions.
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This spontaneous symmetry breaking occurs when a scalar field acquires a
non-zero vacuum expectation value (the “Higgs Mechanism”). Once one postulates the
existence of such a scalar field (the Higgs field), it may then be employed to give masses
to fermions. The details of this mechanism are discussed below.
1.1.1 The Higgs Mechanism
Using the notation of [102], we will represent this hypothetical scalar field as
φ, and take its U(1) charge to be +12 . It also has an SU(2) spinor structure. Then under
the SU(2)×U(1) gauge group, the field transforms as
φ→ eiαaτaeiβ/2φ, (1.1)
where τa are the generator matrices for SU(2), ie τa = σa/2. By convention, the vev of
this field is taken to have the form
< φ >=
1√
2
(
0
v
)
. (1.2)
The kinetic term of the scalar Lagrangian is written
LKE = |Dµφ|2, (1.3)
where Dµ is the covariant derivative δµ − igAaµτa − i12g′Bµ. The mass terms for the
gauge bosons appear when the vacuum expectation value of eq. (1.3) is taken:
LKE = 12
(
0 v
) (
gAaµτ
a + 12g
′BµI
) (
gAµbτ b + 12g
′BµI
)(0
v
)
= 12v
2
(
0 1
)(
g
2A
a
µσ
a + g
′
2 BµI
)(
g
2A
µbσb + g
′
2 B
µI
)(0
1
)
= v
2
8
[
g2(A1µ)
2 + g2(A2µ)
2 +
(
g′Bµ − gA3µ
)2]
. (1.4)
The first two terms in eq. (1.4) gives the mass of the charged field W±µ =
1√
2
(A1µ∓ iA2µ),
and the second gives the mass of the neutral field Zµ =
1√
g2+g′2
(gA3µ − g′Bµ). The
remaining orthogonal field is Aµ =
1√
g2+g′2
(gA3µ+g
′Bµ). Thus, one can rewrite eq. (1.4)
in terms of observable fields as follows:
LKE = v
2
4
g2W+µ W
µ− +
v2
8
(g2 + g′2)ZµZµ. (1.5)
Reading off the masses for the gauge bosons yields
mW = g
v
2
, mZ =
√
g2 + g′2
v
2
,
mA = 0. (1.6)
The massless field Aµ we identify as the photon.
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1.1.2 The Scalar Lagrangian
In order for the Higgs field to have a non-zero vev, we take its Lagrangian to
have the form
L = |Dµφ|2 + µ2φ†φ− λ(φ†φ)2, (1.7)
so that the potential energy has a minimum at
v =
√
µ2/λ. (1.8)
It is conventional to expand φ around its vev:
φ =
1√
2
( √
2 G+
v + h(x) + iG0
)
, φ∗ =
1√
2
( √
2 G−
v + h(x)− iG0
)
. (1.9)
The G0, G± are Goldstone bosons; The field h(x) is a neutral scalar field of zero vev,
whose excitations give rise to a scalar particle, the Higgs boson. We will work in unitary
gauge, absorbing G0 and G± into the gauge potential terms, so that h(x) is a real-valued
field. In this gauge,
φ =
1√
2
(
0
v + h(x)
)
. (1.10)
The Higgs boson’s potential energy density can be found from the latter terms in
eq. (1.7):
V = µ2h2 + λvh3 +
1
4
λh4. (1.11)
One can then read off the mass of the Higgs boson, mh =
√
2µ. Comparing to eq. (1.8),
one obtains
mh =
√
2λv. (1.12)
Thus, without knowing the value of the Higgs self-coupling λ, one cannot predict the
value of mh, even though v is known from measurements of the W mass to be 246 GeV.
Although the Goldstone fields do not explicitly appear in the Lagrangian,
and thus do not correspond to observable particles, the degrees of freedom that they
represent are still present in the theory after electroweak symmetry breaking. Three of
the original four massless vector fields have acquired mass, which adds three degrees
of freedom to the gauge boson sector. More precisely, the Goldstone bosons G0, G±
become the longitudinally polarized states of Z0 andW±, respectively, which is reflected
in the equivalence theorem [12],[30],[33],[90]: A high energy process (q ≫ mW ) involving
longitudinal gauge bosons has the same amplitude as one in which they are replaced by
the corresponding Goldstone bosons [Z0 → G0 and W± → G±], up to O(mW /q).
The mixing between the A3µ and Bµ that produces the physical Z boson and
photon fields may be represented in terms of the “weak mixing angle” θW , as follows:(
Z0
A
)
=
(
cos θW − sin θW
sin θW cos θW
)(
A3
B
)
, (1.13)
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where cos θW =
g√
g2+g′2
and sin θW =
g′√
g2+g′2
. (Note that there is a simple relation
between the masses of the Z and W, mW = mZ cos θW .) Then one can rewrite the
covariant derivative as
Dµ = δµ − i g√
2
(W+µ T
+ +W−µ T
−)− i g
cos θW
Zµ(T
3 − sin2 θWQ)− ieAµQ, (1.14)
where the generators in this basis are T± = 12(σ
1 ± iσ2) and Q = T 3 + Y , and e is the
electric charge, related to g via g = esin θW .
We have thus shown how our original gauge symmetry SU(2) × U(1) with
generators T a and Y has been broken, leaving an unbroken symmetry U(1)EM whose
generator is Q and gauge boson is the photon. The other 3 gauge bosons have gained
mass through the Higgs mechanism. In the Standard Model, this mechanism also implies
the existence of a fundamental massive scalar, the Higgs boson.
1.1.3 Generating Fermion Masses
To explore the effect of electroweak symmetry breaking on the fermion sector,
let us first concentrate on leptons. We will later generalize this discussion to quarks. In
the Lagrangian, left-handed leptons appear in SU(2) doublets EL =
(
νe
e−
)
L
. For the
first generation,
L = E¯L(iD/ )EL + e¯R(iD/ )eR + quark terms. (1.15)
The right- and left-handed fermion fields are defined the usual way; ψR,L ≡ PR,Lψ,
where PR,L ≡ 12 (1 ± γ5). Explicit lepton mass terms cannot be added to this model,
since left-handed fermions appear as SU(2) doublets and the right-handed fermions are
singlets. Hence, terms such as mee¯ReL+mee¯LeR are forbidden. Thus, to generate mass
terms, one requires a scalar SU(2) doublet φ that interacts with right- and left-handed
leptons, which one can parametrize in terms of a dimensional coupling constant ηE as
−LY = ηEE¯L · φeR + h.c. (1.16)
After φ acquires a vev, a mass term is generated:
−LY = v√
2
ηE e¯LeR + h.c., (1.17)
from which one can identify me =
1√
2
ηEv.
An analogous calculation can be made for quarks; in a one-generation model,
masses would be generated in the form md =
v√
2
ηD and mu =
v√
2
ηU from Yukawa
interactions similar to eq. (1.16). However, when the model is expanded to 3 generations,
additional complications arise from the mixing of quark generations. Writing the SU(2)
doublets as QiL =
(
U i
Di
)
L
, one has
−LY = Q0L · φ˜ ηU U0R +Q
0
L · φ (ηD)†D0R + h.c. , (1.18)
4
where φ˜ ≡ iσ2φ∗, and the flavor indices have been suppressed. Here, Q0L, U0R, D0R
denote the interaction basis quark fields, which are vectors in the quark flavor space.
In this basis, the couplings ηQ,0 (Q = U , D) are two non-diagonal 3 × 3 matrices. To
identify the quark mass-eigenstates, one applies unitary transformations of the left- and
right-handed U0 and D0 fields to diagonalize the matrices ηQ, i.e.:
PLU = V
U
L PLU
0 , PRU = V
U
R PRU
0 ,
PLD = V
D
L PLD
0 , PRD = V
D
R PRD
0 , (1.19)
and the Cabibbo-Kobayashi-Maskawa (CKM) matrix is defined by K ≡ V UL V D †L . The
Yukawa coupling matrices in this basis are as follows:
ηU ≡ V UL ηU,0 V U †R , ηD ≡ V DR ηD,0 V D †L . (1.20)
[Note the different ordering of V QL and V
Q
R in the definitions of η
Q for Q = U , D.] In
terms of the mass-eigenstates, eq. (1.18) becomes
−LY = UL · φ˜0 ηUUR +DLK† · φ− ηU †UR + ULK · φ˜+ ηD,†DR +DL · φ0 ηD †DR + h.c.
(1.21)
One could write eq. (1.21) more compactly by defining U ≡ K†U, and QL =
(U
D
)
L
. Then
the Yukawa Lagrangian in the mass-eigenstate basis can be written
−LY = Q¯L · φ˜ ηUUR + Q¯L · φ ηD †DR + h.c. (1.22)
One can now obtain the mass matrices MU andMD by taking the vev of φ in eq. (1.21),
which yields
MU =
v√
2
ηU = diag(mu , mc , mt) = V
U
L M
0
UV
U †
R , (1.23)
MD =
v√
2
ηD † = diag(md , ms , mb) = V DL M
0
DV
D †
R . (1.24)
By generating masses for the fermions and gauge bosons, the Higgs mechanism allows
the Standard Model to reproduce the phenomena observed in nature. In order to confirm
that this is how electroweak symmetry breaking is implemented in real life, we would
have to observe the production of the Higgs boson in particle accelerators. Certain
theoretical constraints may be used to indicate the likely range of the Higgs mass, as
discussed in the following section.
1.1.4 Constraints on the Standard Model Higgs Mass
1.1.4.1 Bounds on the Higgs Mass from Finiteness and Vacuum Stability
The Standard Model cannot be a valid description of nature at all energy scales.
It must be superseded by a theory that incorporates gravitational interactions near the
Planck scale (1019 GeV). It may be that the scale at which new physics beyond the
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Standard Model emerges, Λ, is high (far above the TeV scale), in which case the mass of
the SM Higgs must be fairly light, lest the Higgs self-coupling become divergent at a scale
below Λ. For Λ ∼ MP l, the resulting upper bound from the two-loop renormalization
group equation (RGE) ismh < 180 GeV [70], in rough agreement with more recent (two-
loop) calculations, which have placed the upper bound at 174 GeV [75] and 161.3±20.6
GeV [107]. Since the only case in which λ would remain finite at all energy scales would
be in the non-interacting (or “trivial”) theory, in which λ = 0, this is sometimes called
a “triviality” argument.
On the other hand, if new physics enters at a low scale (on the order of 1 TeV),
the Higgs boson can be heavier. In a pure scalar (φ4) theory, the Higgs mass can be as
much as 1 TeV before λ is driven to infinity below the cut-off scale [91]. Cabbibo et al.
[24] derive a stringent upper bound on mh by extending this analysis to include Yukawa
interactions with the top quark. For the RGE of λ they exhibit
16π2
dλ
dt
= 12λ2 + 6λy2t − 3y4t +O(α), (1.25)
where t = ln(q2/v2) and yt is the Yukawa coupling for the quark, yt =
√
2mt/v. Re-
quiring that the Higgs coupling λ(q) be finite (up to some high energy scale where new
physics sets in, such as mGUT), they numerically calculate the maximum value for λ(v).
(This upper bound for λ(v) is dependent on the mass of the top quark, which was not
then known.) The coupling λ(v) can then be related to the Higgs mass via eq. (1.12).
For mt = 175GeV, this corresponded roughly to
mh <∼ 200GeV. (1.26)
This calculation can be repeated for two loops, but theoretical uncertainties are signifi-
cant [70].
To bound the Higgs boson mass from below, one considers vacuum stability.
This condition specifies that V (v) ≤ V (φ) for all |φ| < Λ, where V (v) is the value of the
scalar potential at the electroweak minimum. For small values of the running coupling
λ(v), the top quark contribution to the RGE can produce a negative value of λ(q), so
that the radiatively-corrected effective scalar potential would be unbounded from below
[92, 113, 5, 28]1. This occurs because while Vtree ∼ λφ4, for large φ, Veff ∼ λ(t)φ4,
where t = ln(φ2/M2) and M is the renormalization scale [112]. Thus at some scale t,
λ(t) becomes negative.
One subtlety that appears in the literature on vacuum stability is that the
scalar potential at large |φ| can have a region deeper than the electroweak vacuum
provided that the decay of the “false” electroweak vacuum is suppressed [7, 76, 9, 41,
112, 114]. By requiring that the lifetime of the metastable electroweak vacuum is less
than the age of the universe, one derives a lower bound on mh that is not as strict as
the one from stability. The most recent calculation of this metastable region is given in
ref. [77] and shown in Fig. 1.1.
1This argument is controversial. Branchina et al. [22, 21] argue that the region of instability in the
scalar potential lies beyond the range of validity for the perturbative RGE. This absence of vacuum
instability is confirmed by lattice results [43]. The results of refs. [22] and [21] are disputed by [40].
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Figure 1.1: Bounds on the Standard Model Higgs mass from ref. [77], using mt = 173
GeV and α3(MZ) = .118. The lowest bound is from vacuum metastability, the middle
bound from vacuum stability, and the upper (dotted) bounds are from perturbativity
requiring λ(Λ) < 3, 6 (see [70]).
Because these RGEs arise from perturbative calculations, one might worry
that they would not be valid for large λ. Lattice calculations have been used in order
to produce a non-perturbative analysis, which would be valid even for high values of
the coupling. The non-perturbative limit on the Higgs mass is found to be mh <
9mW ≈ 700 GeV [86]. This result is similar to that derived by Lunscher and Weisz
[95], mh < 9.6mW . This consistency suggests that the perturbative calculations may
be roughly accurate.
1.1.4.2 Higgs Mass Bounds from Unitarity
In a theory of the electroweak interactions without a Higgs boson, tree-level
perturbative calculations of scattering amplitudes (such as W+W− → W+W−) have
terms proportional to s
m2
W
, which lead to amplitudes greater than unity at high values
of the CM energy (s ≫ m2W ). This violation of unitarity is fixed by the presence of
the Higgs boson; once diagrams involving the Higgs boson are included, the terms of
order s
m2
W
in the tree-level scattering amplitudes cancel, leaving only O(1) terms. Thus,
the Higgs boson has the effect of “unitarizing” gauge boson scattering. In principle,
different mechanisms could unitarize f¯f → VLVL and VLVL → VLVL, respectively; in
the Standard Model the Higgs boson unitarizes both [78].
Lee et al. [90][89] derived a critical value of the Higgs mass from tree-level
unitarity of processes involving longitudinally polarized gauge bosons, with the condition
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|a0| ≤ 1, where a0 is the amplitude of the zeroeth partial wave for W+W− →W+W−.
A more restrictive version of this condition, |Re a0| ≤ 12 [4, 47, 94], produces a stricter
bound of
m2h ≤
4π
√
2
3GF
≈ (700GeV)2, (1.27)
as derived in ref. [97].
This is a tree-level result, which represents the maximum value of mh for which
a perturbative analysis of the scattering amplitude is reliable at all energy scales. If
the Higgs mass is above this value, it would indicate that the weak interactions become
strongly coupled at high energies, or that additional scalar particles not described by
the SM are present to stabilize the amplitudes.
This analysis has been extended to two-loops by Durand et al. [38]. Refine-
ments of their calculation in [111] give results that are very similar to that of eq. (1.27).
Attempts have been made to analyze unitarity using non-perturbative ap-
proaches, which would be valid for large λ. In particular, one can analyze SU(N)×U(1)
theories in the large N limit [39]. Although the numerical results would not necessarily
be valid for N = 2, this approach may yield a conceptual understanding of the strong
coupling regime. Furthermore, it can be used to validate the perturbative approach
in the small λ limit. To next-to-leading order in 1/N , the non-perturbative analysis
of f f¯ → h → V V and f f¯ → h → f f¯ scattering in the large N limit matches the
NNLO perturbative results for mh < 800 − 900 GeV [18]. It is also found that above
mh = 1 TeV, the Higgs mass no longer increases as the coupling increases, which vio-
lates eq. (1.12). This analysis suggests that if the Standard Model is correct, the Higgs
particle will be found below about 1 TeV even if the weak interaction becomes strongly
coupled.
1.1.5 Results of Higgs Searches
The experimental lower bound on the Higgs mass is currently determined by
data from LEP-II, the electron-positron collider at CERN which reached maximum CM
energies of 209 GeV. Higgs searches focused on the “Higgsstrahlung” channel, e+e− →
ZH. No definite discovery of the Higgs was made by time LEP was decommissioned,
which put a limit on the SM Higgs mass of mh > 114.4 GeV [13].
At the time of this writing, Higgs searches are proceeding at the upgraded Teva-
tron, a pp¯ collider running at Fermilab with energy 1.96 TeV. Based on non-observation
of the Higgs boson by winter 2009, the combined results from both detectors (CDF and
D0) were sufficient to exclude a SM Higgs in the mass range 160GeV < mh < 170GeV
[115]. The dominant channel for Higgs production at this energy scale is gluon fusion
(gg → h → W+W−, with final state lνlν, l = e−, µ−), although Wh → WWW (Hig-
gsstrahlung) is also being searched. The most likely channels to produce a lower energy
Higgs (mh ≤ 140GeV) at the Tevatron are Wh → lνbb¯, Zh → llbb¯, and Zh → ν¯νbb¯.
It is expected that by the end of 2010, the Tevatron will either show evidence of Higgs
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producation (up to 3σ level), or be able to exclude the existence of the Higgs over a
large energy range (145GeV < mh < 185GeV) [109].
1.1.6 Future of Higgs Searches
With an energy of 14 TeV, the Large Hadron Collider at CERN, a proton-
proton collider, will be powerful enough to produce hundreds of thousands of Higgs
particles (if they are light) or tens of thousands of Higgs particles (if they are heavy)
[110]. Most of these will be the result of gluon fusion, gg → h, via a top quark loop [10].
Higgs particles are also likely to be produced through qq → qqh processes (called weak
boson fusion or vector boson fusion). The Higgs would then most likely decay to b¯b2, ττ
and/or W+W−, depending on its mass [3]. Below ∼ 150 GeV, the branching ratio for
h→ γγ is also high enough to be observable. Despite having a smaller branching ratio
than ττ or W+W−, this channel is easier to distinguish from background (qq¯, gg → γγ)
[61].
Should an actual scalar particle be discovered in these searches, the question
will be asked, “Is this particle the Standard Model Higgs Boson?” Although observation
of the particle will yield measurements of its mass, electric charge, and color charge, to
distinguish between different theoretical models, it is important to extract information
about gauge and Yukawa couplings. What might be discovered that is not predicted by
the Standard Model is the subject of the next section.
1.2 Beyond the Standard Model
Since the Higgs boson has not been discovered in experiments, it is not known
whether the Higgs mechanism works as predicted by the Standard Model. It may be,
for example, that breaking electroweak symmetry through one (or more) scalar fields
is not what happens in nature. However, precision tests of the SM suggest that the
GWS description of gauge symmetry in the electroweak sector is the correct one at
low energies, requiring some mechanism of electroweak symmetry breaking to generate
masses for vector and fermion particles. An example of the experimental evidence
for postulating that the particles observed so far are part of a spontaneously broken
gauge theory is the universality of coupling constants in gauge boson interactions. In
particular, the GWS theory predicts that the coupling constant g is the same for cubic
and quartic interactions of charged gauge bosons (W±). Description of the neutral
gauge boson interactions requires only one additional parameter (g′ or sin θW ).
Another observable consequence of the GWS gauge symmetry is in the different
behavior of left- and right-handed fields. The SU(2) gauge group applies charges T 3 =
±12 to left-handed leptons (and their corresponding right-handed antiparticles) and T 3 =
0 to right-handed leptons (and left-handed antileptons). These charges appear in the
Zl+l− couplings, which are proportional to T 3 − sin2 θWQ, and thus can be measured
2Although decay rates to b¯b would be high, this channel is not useful for Higgs discovery due to high
background rates.
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in Z → l+l− decays. For example, the branching ratio of Z → qq¯ (q = u, d, c, s, b)
to Z → l+l− was calculated from Standard Model fits to be Rℓ ≡ Γhad/Γℓℓ = 20.744,
which agrees with the value of 20.767± 0.025 measured at LEP [117]. This asymmetry
between left- and right-handed fields also results in a net polarization of the decay
products in Z → f f¯ (ie, an excess of fLf¯R over fRf¯L). This “polarization asymmetry”
is parametrized in
ALR = σL − σR
σL + σR
, (1.28)
where σL (σR) is the e
+e− cross-section for Z production from left-handed (right-
handed) electrons. The measured value of this asymmetry has been found to be ALR =
.15138± .00216 [1], which is within 2 σ of the Standard Model fit ALR = .1473± .0011
[6].
Although these (and other) precision tests of the electroweak sector confirm
the GWS model of gauge interactions, and in particular the different SU(2) charge as-
signments for right- and left-handed fermion fields, the electroweak symmetry is not
necessarily broken through a single scalar doublet, as in the SM. In constructing other
theories, it is common to build on the Standard Model’s particle content, so as to pre-
serve the success of the SM fits to precision electroweak data.3 One can extend the
Standard Model’s scalar sector by adding additional singlets, doublets, and/or higher
multiplets, for example. Although the exact content of the scalar sector is unknown, the
relation mw = mz cos θW must be preserved (up to loop corrections), which arises natu-
rally from postulating an unbroken global SU(2) symmetry. This “custodial” symmetry
will be discussed in detail in Chapter 3.
3There are also “higgless” theories such as models with extra dimensions, which provide a Goldstone
boson through mechanisms other than interacting scalar fields.
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Chapter 2
The CP-Violating Two-Higgs Doublet
Model
2.1 Motivation
The Standard Model by itself is not expected to be a complete description of
nature. As discussed in section 1.1.4, the SM is considered to be a low-energy effective
theory, which ceases to be valid above some energy scale Λ. Even at low energies, the
SM with its single Higgs doublet may not be the correct theory. Extensions of the SM
have been proposed as solutions to observations such as dark matter and various theo-
retical problems (grand unification, the “naturalness” problem, the strong CP problem,
and insufficient CP violation to account for the matter/anti-matter imbalance). The
most popular of these, supersymmetry, produces both coupling constant unification and
possible dark matter candidates. The scalar sector of supersymmetry (in its simplest im-
plementation, the Minimal Supersymmetric Standard Model, or MSSM) has two Higgs
doublets. Independently of supersymmetry, the Two-Higgs Doublet Model (2HDM) is
an extension of the SM, which is identical to the SM except for the one extra Higgs
doublet. The 2HDM may be interesting on its own as a potential theory of nature, since
the extended Higgs Sector allows for CP violation beyond what is produced by the SM.
It is also useful for gaining insight into the scalar sector of supersymmetry, and other
models that contain similar scalar content.
A theory with two Higgs doublets has the potential to produce dangerous
Higgs-mediated flavor-changing neutral currents (FCNCs) unless the off-diagonal cou-
plings of the neutral Higgs bosons to quarks are absent (or sufficiently small). It is
common to apply a discrete symmetry that restricts the Higgs scalar potential so as to
eliminate these off-diagonal couplings [35, 37, 63, 69, 87]. The general 2HDM discussed
here will not have any symmetries imposed, and thus the FCNCs will be assumed to
be suppressed by fine-tuning or heavy scalar masses. The degree to which the Higgs-
fermion couplings are constrained by measurements of flavor-changing rates will be left
to future work.
If evidence of multiple Higgs bosons is discovered experimentally, it will be nec-
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essary to know how to connect the experimentally observed quantities with the physical
parameters of the model. Since one would not know in advance what symmetries are
present that constrain the scalar sector, the definition of the physical parameters of the
Higgs sector should be defined from the most generic implementation of the 2HDM. In
a generic 2HDM, an example of an “unphysical” parameter is the common construction
tan β ≡ 〈Φ
0
2〉
〈Φ01〉
, (2.1)
where Φ01 and Φ
0
2 are the neutral components of the two Higgs doublets [34]. As defined,
this parameter is ambiguous in a general 2HDM because it depends on the choice of
basis for the Higgs fields. The two identical hypercharge-one fields can be redefined by
a global 2 × 2 unitary transformation. The goal of this work is to construct physical
parameters, which must be basis-independent. The physical parameter that replaces
eq. (2.1) was developed in ref. [34] for the CP-conserving 2HDM. The analog for the
CP-violating 2HDM will be discussed in Chapter 4.3.
The goal of this chapter is to derive the scalar, gauge boson and Yukawa
couplings of the CP-violating 2HDM. (These were presented for the CP-conserving case
in ref. [34].) A Two-Higgs Doublet Model is CP-violating if there is no basis in which
the couplings of the scalar Lagrangian are real-valued. Complex-valued Higgs couplings
can lead to the mixing of the CP-even and CP-odd eigenstates to produce Higgs fields
that have indefinite CP. To develop this model in the basis-independent formalism, I will
start by presenting my work with H. Haber in ref. [66]. We begin by reviewing basis-
independence in section 2.2. In section 2.3, we introduce the Higgs basis (defined to be
a basis in which one of the two neutral scalar fields has zero vacuum expectation value),
which possesses some invariant features. We review the construction of the Higgs basis
and use the basis-independent formalism to highlight the invariant qualities of this basis
choice. Ultimately, we are interested in the Higgs mass-eigenstates. In the most general
CP-violating 2HDM, three neutral Higgs states mix to form mass-eigenstates that are
not eigenstates of CP. In section 2.4, we demonstrate how to define basis-independent
Higgs mixing parameters that are crucial for deriving an invariant form for the Higgs
couplings. In section 2.5 and section 2.6 we provide the explicit basis-independent forms
for the Higgs couplings to bosons (gauge bosons and Higgs boson self-couplings) and
fermions (quarks and leptons), respectively.
2.2 The Basis-Independent Formalism
The fields of the two-Higgs-doublet model (2HDM) consist of two identical
complex hypercharge-one, SU(2)L doublet scalar fields Φa(x) ≡ (Φ+a (x) , Φ0a(x)), where
a = 1, 2 labels the two Higgs doublet fields, and will be referred to as the Higgs “fla-
vor” index. The Higgs doublet fields can always be redefined by an arbitrary non-
singular complex transformation Φa → BabΦb, where the matrix B depends on eight
real parameters. However, four of these parameters can be used to transform the scalar
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field kinetic energy terms into canonical form.1 The most general redefinition of the
scalar fields [which leaves invariant the form of the canonical kinetic energy terms
LKE = (DµΦ)
†
a¯(D
µΦ)a] corresponds to a global U(2) transformation, Φa → Uab¯Φb
[and Φ†a¯ → Φ†b¯U
†
ba¯], where the 2 × 2 unitary matrix U satisfies U †ba¯Uac¯ = δbc¯. In our
index conventions, replacing an unbarred index with a barred index is equivalent to
complex conjugation. We only allow sums over barred–unbarred index pairs, which are
performed by employing the U(2)-invariant tensor δab¯. The basis-independent formal-
ism consists of writing all equations involving the Higgs sector fields in a U(2)-covariant
form. Basis-independent quantities can then be identified as U(2)-invariant scalars,
which are easily identified as products of tensor quantities with all barred–unbarred
index pairs summed with no Higgs flavor indices left over.
We begin with the most general 2HDM scalar potential. An explicit form for
the scalar potential in a generic basis is given in Appendix A. Following refs. [44] and
[34], the scalar potential can be written in U(2)-covariant form:
V = Yab¯Φ†a¯Φb + 12Zab¯cd¯(Φ†a¯Φb)(Φ†c¯Φd) , (2.2)
where the indices a, b¯, c and d¯ are labels with respect to the two-dimensional Higgs flavor
space and Zab¯cd¯ = Zcd¯ab¯. The hermiticity of V yields Yab¯ = (Yba¯)∗ and Zab¯cd¯ = (Zba¯dc¯)∗.
Under a U(2) transformation, the tensors Yab¯ and Zab¯cd¯ transform covariantly: Yab¯ →
Uac¯Ycd¯U
†
db¯
and Zab¯cd¯ → Uae¯U †fb¯Ucg¯U
†
hd¯
Zef¯gh¯. Thus, the scalar potential V is a U(2)-
scalar. The interpretation of these results is simple. Global U(2)-flavor transformations
of the two Higgs doublet fields do not change the functional form of the scalar potential.
However, the coefficients of each term of the potential depends on the choice of basis.
The transformation of these coefficients under a U(2) basis change are precisely the
transformation laws of Y and Z given above.
We shall assume that the vacuum of the theory respects the electromagnetic
U(1)EM gauge symmetry. In this case, the non-zero vacuum expectation values of Φa
must be aligned. The standard convention is to make a gauge-SU(2)L transformation (if
necessary) such that the lower (or second) component of the doublet fields correspond
to electric charge Q = 0. In this case, the most general U(1)EM-conserving vacuum
expectation values are:
〈Φa〉 = v√
2
(
0
v̂a
)
, with v̂a ≡ eiη
(
cβ
sβ e
iξ
)
, (2.3)
where v ≡ 2mW /g = 246 GeV and v̂a is a vector of unit norm. The overall phase η is
arbitrary. By convention, we take 0 ≤ β ≤ π/2 and 0 ≤ ξ < 2π. Taking the derivative
of eq. (2.2) with respect to Φb, and setting 〈Φ0a〉 = va/
√
2, we find the covariant form
for the scalar potential minimum conditions:
v v̂∗a¯ [Yab¯ +
1
2v
2Zab¯cd¯ v̂
∗
c¯ v̂d] = 0 . (2.4)
1That is, starting from LKE = a (DµΦ1)
†(DµΦ1) + b (DµΦ2)
†(DµΦ2) +
ˆ
c (DµΦ1)
†(DµΦ2) + h.c.
˜
,
where a and b are real and c is complex, one can always find a (non-unitary) transformation B that
removes the four real degrees of freedom corresponding to a, b and c and sets a = b = 1 and c = 0.
Mathematically, such a transformation is an element of the coset space GL(2,C)/U(2).
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Before proceeding, let us consider the most general global-U(2) transforma-
tion (see p. 5 of ref. [99]):
U = eiψ
(
eiγ cos θ e−iζ sin θ
−eiζ sin θ e−iγ cos θ
)
, (2.5)
where −π ≤ θ , ψ < π and −π/2 ≤ ζ , γ ≤ π/2 defines the closed and bounded
U(2) parameter space. The matrices U with ψ = 0 span an SU(2) matrix subgroup
of U(2). The factor of {eiψ} constitutes a U(1) subgroup of U(2). More precisely,
U(2) ∼= SU(2)×U(1)/Z2. In the scalar sector, this U(1) coincides with global hyper-
charge U(1)Y. However, the former U(1) is distinguished from hypercharge by the fact
that it has no effect on the other fields of the Standard Model.
Because the scalar potential is invariant under U(1)Y hypercharge transforma-
tions,2 it follows that Y and Z are invariant under U(1)-flavor transformations. Thus,
from the standpoint of the Lagrangian, only SU(2)-flavor transformations correspond
to a change of basis. Nevertheless, the vacuum expectation value v̂ does change by
an overall phase under flavor-U(1) transformations. Thus, it is convenient to expand
our definition of the basis to include the phase of v̂. In this convention, all U(2)-flavor
transformations correspond to a change of basis. The reason for this choice is that
it permits us to expand our potential list of basis-independent quantities to include
quantities that depend on v̂. Since Φa → Uab¯Φb it follows that v̂a → Uab¯v̂b, and the
covariance properties of quantities that depend on v̂ are easily discerned.
The unit vector v̂a can also be regarded as an eigenvector of unit norm of the
Hermitian matrix Vab¯ ≡ v̂av̂∗¯b . The overall phase of vˆa is not determined in this definition,
but as noted above different phase choices are related by U(1)-flavor transformations.
Since Vab¯ is hermitian, it possesses a second eigenvector of unit norm that is orthogonal
to v̂a. We denote this eigenvector by ŵa, which satisfies:
v̂∗¯b ŵb = 0 . (2.6)
The most general solution to eq. (2.6), up to an overall multiplicative phase factor, is:
ŵb ≡ v̂∗a¯ǫab = e−iη
( −sβ e−iξ
cβ
)
. (2.7)
That is, we have chosen a convention in which ŵb ≡ eiχv̂∗¯aǫab, where χ = 0. Of course,
χ is not fixed by eq. (2.6); the existence of this phase choice is reflected in the non-
uniqueness of the Higgs basis, as discussed in section 2.3.
The inverse relation to eq. (2.7) is easily obtained: v̂∗¯a = ǫa¯b¯ ŵb. Above, we have
introduced two Levi-Civita tensors with ǫ12 = −ǫ21 = 1 and ǫ11 = ǫ22 = 0. However,
ǫab and ǫa¯b¯ are not proper tensors with respect to the full flavor-U(2) group (although
these are invariant SU(2)-tensors). Consequently, ŵa does not transform covariantly
2The SU(2)L×U(1)Y gauge transformations act on the fields of the Standard Model, but do not
transform the coefficients of the terms appearing in the Lagrangian.
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with respect to the full flavor-U(2) group. If we write U = eiψÛ , with det Û = 1 (and
detU = e2iψ), it is simple to check that under a U(2) transformation
v̂a → Uab¯v̂b implies that ŵa → (det U)−1 Uab¯ ŵb . (2.8)
Henceforth, we shall define a pseudotensor3 as a tensor that transform co-
variantly with respect to the flavor-SU(2) subgroup but whose transformation law
with respect to the full flavor-U(2) group is only covariant modulo an overall non-
trivial phase equal to some integer power of detU . Thus, ŵa is a pseudovector. How-
ever, we can use ŵa to construct proper tensors. For example, the Hermitian matrix
Wab¯ ≡ ŵaŵ∗¯b = δab¯ − Vab¯ is a proper second-ranked tensor.
Likewise, a pseudoscalar (henceforth referred to as a pseudo-invariant) is de-
fined as a quantity that transforms under U(2) by multiplication by some integer power
of detU . We reiterate that pseudo-invariants cannot be physical observables as the
latter must be true U(2)-invariants.
2.3 The Higgs Bases
Once the scalar potential minimum is determined, which defines v̂a, one class
of basis choices is uniquely selected. Suppose we begin in a generic Φ1–Φ2 basis. We
define new Higgs doublet fields:
H1 = (H
+
1 , H
0
1 ) ≡ v̂∗a¯Φa , H2 = (H+2 , H02 ) ≡ ŵ∗a¯Φa = ǫb¯a¯v̂bΦa . (2.9)
The transformation between the generic basis and the Higgs basis, Ha = Ûab¯Φb, is given
by the following flavor-SU(2) matrix:
Û =
(
v̂∗1 v̂
∗
2
ŵ∗1 ŵ
∗
2
)
=
(
v̂∗1 v̂
∗
2
−v̂2 v̂1
)
. (2.10)
This defines a particular Higgs basis.
Inverting eq. (2.9) yields:
Φa = H1v̂a +H2ŵa = H1v̂a +H2v̂
∗¯
b ǫba . (2.11)
The definitions of H1 and H2 imply that
〈H01 〉 =
v√
2
, 〈H02 〉 = 0 , (2.12)
where we have used eq. (2.6) and the fact that v̂ ∗a¯ v̂a = 1.
The Higgs basis is not unique. Suppose one begins in a generic Φ′1–Φ
′
2 basis,
where Φ′a = Vab¯Φb and detV ≡ eiχ 6= 1. If we now define:
H ′1 ≡ v̂∗a¯Φ′a , H ′2 ≡ ŵ∗a¯Φ′a , (2.13)
3In tensor calculus, analogous quantities are usually referred to as tensor densities or relative ten-
sors [116].
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then
H ′1 = H1 , H
′
2 = (detV )H2 = e
iχH2 . (2.14)
That is, H1 is an invariant field, whereasH2 is pseudo-invariant with respect to arbitrary
U(2) transformations. In particular, the unitary matrix
UD ≡
(
1 0
0 eiχ
)
(2.15)
transforms from the unprimed Higgs basis to the primed Higgs basis. The phase angle
χ parameterizes the class of Higgs bases. From the definition of H2 given in eq. (2.9),
this phase freedom can be attributed to the choice of an overall phase in the definition
of ŵ as discussed in section 2.2. This phase freedom will be reflected by the appearance
of pseudo-invariants in the study of the Higgs basis. However, pseudo-invariants are
useful in that they can be combined to create true invariants, which are candidates for
observable quantities.
It is now a simple matter to insert eq. (2.11) into eq. (2.2) to obtain:
V = Y1H†1H1 + Y2H†2H2 + [Y3H†1H2 + h.c.]
+12Z1(H
†
1H1)
2 + 12Z2(H
†
2H2)
2 + Z3(H
†
1H1)(H
†
2H2) + Z4(H
†
1H2)(H
†
2H1)
+
{
1
2Z5(H
†
1H2)
2 +
[
Z6(H
†
1H1) + Z7(H
†
2H2)
]
H†1H2 + h.c.
}
, (2.16)
where Y1, Y2 and Z1,2,3,4 are U(2)-invariant quantities and Y3 and Z5,6,7 are pseudo-
invariants. The explicit forms for the Higgs basis coefficients have been given in ref. [34].
The invariant coefficients are conveniently expressed in terms of the second-ranked ten-
sors Vab¯ and Wab¯ introduced in section 2.2:
Y1 ≡ Tr(Y V ) , Y2 ≡ Tr(YW ) ,
Z1 ≡ Zab¯cd¯ Vba¯Vdc¯ , Z2 ≡ Zab¯cd¯Wba¯Wdc¯ ,
Z3 ≡ Zab¯cd¯ Vba¯Wdc¯ , Z4 ≡ Zab¯cd¯ Vbc¯Wda¯ , (2.17)
whereas the pseudo-invariant coefficients are given by:
Y3 ≡ Yab¯ v̂∗a¯ ŵb , Z5 ≡ Zab¯cd¯ v̂∗a¯ ŵb v̂∗c¯ ŵd ,
Z6 ≡ Zab¯cd¯ v̂∗a¯ v̂b v̂∗c¯ ŵd , Z7 ≡ Zab¯cd¯ v̂∗a¯ ŵb ŵ∗c¯ ŵd . (2.18)
The invariant coefficients are manifestly real, whereas the pseudo-invariant coefficients
are potentially complex.
Using eq. (2.8), it follows that under a flavor-U(2) transformation specified by
the matrix U , the pseudo-invariants transform as:
[Y3, Z6, Z7]→ (detU)−1[Y3, Z6, Z7] and Z5 → (detU)−2Z5 . (2.19)
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One can also deduce eq. (2.19) from eq. (2.16) by noting that V and H1 are invariant
whereas H2 is pseudo-invariant field that is transforms as:
H2 → (detU)H2 . (2.20)
In the class of Higgs bases defined by eq. (2.14), v̂ = (1, 0) and ŵ = (0, 1), which
are independent of the angle χ that distinguishes among different Higgs bases. That is,
under the phase transformation specified by eq. (2.15), both v̂ and ŵ are unchanged.
Inserting these values of v̂ and ŵ into eqs. (2.17) and (2.18) yields the coefficients of the
Higgs basis scalar potential. For example, the coefficient of H†1H2 is given by Y12 = Y3
in the unprimed Higgs basis and Y ′12 = Y
′
3 in the primed Higgs basis. Using eq. (2.19),
it follows that Y ′12 = Y12e
−iχ, which is consistent with the matrix transformation law
Y ′ = UDY U
†
D.
From the four complex pseudo-invariant coefficients, one can form four in-
dependent real invariants |Y3|, |Z5,6,7| and three invariant relative phases arg(Y 23 Z∗5 ),
arg(Y3Z
∗
6 ) and arg(Y3Z
∗
7 ). Including the six invariants of eq. (2.17), we have therefore
identified thirteen independent invariant real degrees of freedom prior to imposing the
scalar potential minimum conditions. Eq. (2.4) then imposes three additional conditions
on the set of thirteen invariants4
Y1 = −12Z1v2 , Y3 = −12Z6v2 . (2.21)
This leaves eleven independent real degrees of freedom (one of which is the vacuum
expectation value v = 246 GeV) that specify the 2HDM parameter space.
The doublet of scalar fields in the Higgs basis can be parameterized as follows:
H1 =
(
G+
1√
2
(
v + ϕ01 + iG
0
) ) , H2 =
(
H+
1√
2
(
ϕ02 + ia
0
) ) , (2.22)
and the corresponding hermitian conjugated fields are likewise defined. We identify G±
as a charged Goldstone boson pair and G0 as the CP-odd neutral Goldstone boson.5
In particular, the identification of G0 =
√
2 ImH01 follows from the fact that we have
defined the Higgs basis [see eqs. (2.9) and (2.12)] such that 〈H01 〉 is real and non-negative.
Of the remaining fields, ϕ01 is a CP-even neutral scalar field, ϕ
0
2 and a
0 are states of
indefinite CP quantum numbers,6 and H± is the physical charged Higgs boson pair. If
the Higgs sector is CP-violating, then ϕ01, ϕ
0
2, and a
0 all mix to produce three physical
neutral Higgs mass-eigenstates of indefinite CP quantum numbers.
4The second condition of eq. (2.21) is a complex equation that can be rewritten in terms of invariants:
|Y3| =
1
2
|Z6|v
2 and Y3Z
∗
6 = −
1
2
|Z6|
2v2.
5The definite CP property of the neutral Goldstone boson persists even if the Higgs Lagrangian is
CP-violating (either explicitly or spontaneously), as shown in Chapter 3.
6The CP-properties of the neutral scalar fields (in the Higgs basis) can be determined by studying the
pattern of gauge boson/scalar boson couplings and the scalar self-couplings in the interaction Lagrangian
(see section 2.5). If the scalar potential is CP-conserving, then two orthogonal linear combinations of ϕ02
and a0 can be found that are eigenstates of CP. By an appropriate rephasing of H2 (which corresponds
to some particular choice among the possible Higgs bases) such that all the coefficients of the scalar
potential in the Higgs basis are real, one can then identify ϕ02 as a CP-even scalar field and a
0 as a
CP-odd scalar field. See Chapter 3 for further details.
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2.4 The Physical Higgs Mass-Eigenstates
To determine the Higgs mass-eigenstates, one must examine the terms of the
scalar potential that are quadratic in the scalar fields (after minimizing the scalar po-
tential and defining shifted scalar fields with zero vacuum expectation values). This
procedure is carried out in Appendix B starting from a generic basis. However, there is
an advantage in performing the computation in the Higgs basis since the corresponding
scalar potential coefficients are invariant or pseudo-invariant quantities [eqs. (2.16)–
(2.18)]. This will allow us to identify U(2)-invariants in the Higgs mass diagonalization
procedure.
Thus, we proceed by inserting eq. (2.11) into eq. (2.2) and examining the
terms linear and quadratic in the scalar fields. The requirement that the coefficient
of the linear term vanishes corresponds to the scalar potential minimum conditions
[eq. (2.21)]. These conditions are then used in the evaluation of the coefficients of the
terms quadratic in the fields. One can easily check that no quadratic terms involving the
Goldstone boson fields survive (as expected, since the Goldstone bosons are massless).
This confirms our identification of the Goldstone fields in eq. (2.22). The charged Higgs
boson mass is also easily determined:
m2H± = Y2 +
1
2Z3v
2 . (2.23)
The three remaining neutral fields mix, and the resulting neutral Higgs squared-mass
matrix in the ϕ01–ϕ
0
2–a
0 basis is:
M = v2
 Z1 Re(Z6) −Im(Z6)Re(Z6) 12 [Z3 + Z4 +Re(Z5)] + Y2/v2 −12Im(Z5)
−Im(Z6) −12Im(Z5) 12 [Z3 + Z4 −Re(Z5)] + Y2/v2
 .
(2.24)
Note that M depends implicitly on the choice of Higgs basis [eq. (2.14)] via the χ-
dependence of the pseudo-invariants Z5 and Z6. Moreover, the real and imaginary
parts of these pseudo-invariants mix if χ is changed. Thus, M does not possess simple
transformation properties under arbitrary flavor-U(2) transformations. Nevertheless, we
demonstrate below that the eigenvalues and normalized eigenvectors are U(2)-invariant.
First, we compute the characteristic equation:
det(M− xI) = −x3 +Tr(M)x2 − 12
[
(TrM)2 − Tr(M2)]x+ det(M) , (2.25)
where I is the 3 × 3 identity matrix. [The coefficient of x in eq. (2.25) is particular to
3× 3 matrices (see Fact 4.9.3 of ref. [17]).] Explicitly,
Tr(M) = 2Y2 + (Z1 + Z3 + Z4)v2 ,
Tr(M2) = Z21v4 + 12v4
[
(Z3 + Z4)
2 + |Z5|2 + 4|Z6|2
]
+ 2Y2[Y2 + (Z3 + Z4)v
2] ,
det(M) = 14
{
Z1v
6[(Z3 + Z4)
2 − |Z5|2]− 2v4[2Y2 + (Z3 + Z4)v2]|Z6|2
+4Y2Z1v
2[Y2 + (Z3 + Z4)v
2] + 2v6Re(Z∗5Z
2
6 )
}
. (2.26)
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Clearly, all the coefficients of the characteristic polynomial are U(2)-invariant. Since the
roots of this polynomial are the squared-masses of the physical Higgs bosons, it follows
that the physical Higgs masses are basis-independent as required. Since M is a real
symmetric matrix, the eigenvalues of M are real. However, if any of these eigenvalues
are negative, then the extremal solution of eq. (2.4) with v 6= 0 is not a minimum of
the scalar potential. The requirements that m2H± > 0 [eq. (2.23)] and the positivity of
the squared-mass eigenvalues ofM provide basis-independent conditions for the desired
spontaneous symmetry breaking pattern specified by eq. (2.3).
The real symmetric squared-mass matrixM can be diagonalized by an orthog-
onal transformation
RMRT =MD ≡ diag (m21 , m22 , m23) , (2.27)
where RRT = I and the m2k are the eigenvalues of M [i.e., the roots of eq. (2.25)].
A convenient form for R is:
R = R12R13R23 =
 c12 −s12 0s12 c12 0
0 0 1
 c13 0 −s130 1 0
s13 0 c13
 1 0 00 c23 −s23
0 s23 c23

=
 c13c12 −c23s12 − c12s13s23 −c12c23s13 + s12s23c13s12 c12c23 − s12s13s23 −c23s12s13 − c12s23
s13 c13s23 c13c23
 , (2.28)
where cij ≡ cos θij and sij ≡ sin θij . Note that detR = 1, although we could have
chosen an orthogonal matrix with determinant equal to −1 by choosing −R in place
of R. In addition, if we take the range of the angles to be −π ≤ θ12, θ23 < π and
|θ13| ≤ π/2, then we cover the complete parameter space of SO(3) matrices (see p. 11
of ref. [99]). That is, we work in a convention where c13 ≥ 0. However, this parameter
space includes points that simply correspond to the redefinition of two of the Higgs
mass-eigenstate fields by their negatives. Thus, we may reduce the parameter space
further and define all Higgs mixing angles modulo π. We shall verify this assertion at
the end of this section.
The neutral Higgs mass-eigenstates are denoted by h1, h2 and h3: h1h2
h3
 = R
 ϕ01ϕ02
a0
 . (2.29)
It is often convenient to choose a convention for the mass ordering of the hk such that
m1 ≤ m2 ≤ m3.
Since the mass-eigenstates hk do not depend on the initial basis choice, they
must be U(2)-invariant fields. In order to present a formal proof of this assertion, we
need to determine the transformation properties of the elements of R under an arbitrary
U(2) transformation. In principle, these can be determined from eq. (2.27), using the
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fact that the m2k are invariant quantities. However, the form of M is not especially
convenient for this purpose as noted below eq. (2.24). This can be ameliorated by
introducing the unitary matrix:
W =
 1 0 00 1/√2 1/√2
0 −i/√2 i/√2
 , (2.30)
and rewriting eq. (2.27) as
(RW )(W †MW )(RW )† =MD = diag (m21 , m22 , m23) . (2.31)
A straightforward calculation yields:
W †MW = v2
 Z1
1√
2
Z6
1√
2
Z∗6
1√
2
Z∗6
1
2(Z3 + Z4) + Y2/v
2 1
2Z
∗
5
1√
2
Z6
1
2Z5
1
2 (Z3 + Z4) + Y2/v
2
 , (2.32)
RW =

q11
1√
2
q∗12 e
iθ23 1√
2
q12 e
−iθ23
q21
1√
2
q∗22 e
iθ23 1√
2
q22 e
−iθ23
q31
1√
2
q∗32 e
iθ23 1√
2
q32 e
−iθ23
 , (2.33)
where
q11 = c13c12 , q21 = c13s12 , q31 = s13 ,
q12 = −s12 − ic12s13 , q22 = c12 − is12s13 , q32 = ic13 . (2.34)
The matrix RW defined in eq. (2.33) is unitary and satisfies detRW = i.
Evaluating this determinant yields:
1
2
3∑
j,k,ℓ=1
ǫjkℓqj1Im(q
∗
k2qℓ2) = 1 , (2.35)
while unitarity implies:
Re (qk1q
∗
ℓ1 + qk2q
∗
ℓ2) = δkℓ , (2.36)
3∑
k=1
|qk1|2 = 12
3∑
k=1
|qk2|2 = 1 ,
3∑
k=1
q 2k2 =
3∑
k=1
qk1qk2 = 0 . (2.37)
These results can be used to prove the identity [106]:
qj1 =
1
2
3∑
k,ℓ=1
ǫjkℓ Im(q
∗
k2qℓ2) . (2.38)
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Since the matrix elements of W †MW only involve invariants and pseudo-
invariants, we may use eq. (2.31) to determine the flavor-U(2) transformation properties
of qkℓ and e
iθ23 . The resulting transformation laws are:
qkℓ → qkℓ , and eiθ23 → (detU)−1eiθ23 , (2.39)
under a U(2) transformation U . That is, the qkℓ are invariants, or equivalently θ12 and
θ13 (modulo π) are U(2)-invariant angles, whereas e
iθ23 is a pseudo-invariant. Eq. (2.39)
is critical for the rest of the paper. Finally, to show that the Higgs mass-eigenstates are
invariant fields, we rewrite eq. (2.29) as h1h2
h3
 = RW

√
2ReH01 − v
H02
H0 †2
 . (2.40)
Since the qkℓ, H1 and the product e
iθ23H2 are U(2)-invariant quantities, it follows that
the hk are invariant fields.
The transformation laws given in eqs. (2.19) and (2.39) imply that the quan-
tities Z5 e
−2iθ23 , Z6 e−iθ23 and Z7 e−iθ23 are U(2)-invariant. These combinations will
appear in the physical Higgs boson self-couplings of section 2.5 and in the expressions
for the invariant mixing angles given in Appendix C. With this in mind, it is useful to
rewrite the neutral Higgs mass diagonalization equation [eq. (2.27)] as follows. With
R ≡ R12R13R23 given by eq. (2.28),
M˜ ≡ R23MRT23 =v2
 Z1 Re(Z6 e−iθ23) −Im(Z6 e−iθ23)Re(Z6e−iθ23) Re(Z5 e−2iθ23) +A2/v2 −12Im(Z5 e−2iθ23)
−Im(Z6 e−iθ23) −12Im(Z5 e−2iθ23) A2/v2
.
(2.41)
where A2 is defined by
A2 ≡ Y2 + 12 [Z3 + Z4 − Re(Z5e−2iθ23)]v2 . (2.42)
The diagonal neutral Higgs squared-mass matrix is then given by the following:
R˜M˜ R˜T =MD = diag(m21 , m22 , m23) , (2.43)
where the diagonalizing matrix R˜ ≡ R12R13 depends only on θ12 and θ13:
R˜ =
 c12c13 −s12 −c12s13c13s12 c12 −s12s13
s13 0 c13
 . (2.44)
Eqs. (2.41)–(2.44) provide a manifestly U(2)-invariant squared-mass matrix diagonal-
ization, since the elements of R˜ and M˜ are invariant quantities.
Eq. (2.40) can be conviently written as
hk =
1√
2
[
H0 †1 qk1 +H
0 †
2 qk2e
−iθ23 +H01q
∗
k1 +H
0
2q
∗
k2e
iθ23
]
, (2.45)
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where H
0
1 ≡ H01 − vv̂a/
√
2. The qkℓ, defined for k = 1, 2, 3 and ℓ = 1, 2 by eq. (2.34),
are displayed in Table 2.1. To account for the Goldstone boson (k = 4) we have also
introduced: q41 = i and q42 = 0 Note that the qkℓ are invariant, and H
0
1 and H
0
2e
iθ23
are invariant fields.
In this section, all computations were carried out by first transforming to
the Higgs basis. The advantage of this procedure is that one can readily identify the
relevant invariant and pseudo-invariant quantities involved in the determination of the
Higgs mass-eigenstates. We may now combine eqs. (2.9) and (2.45) to obtain explicit
expressions for the Higgs mass-eigenstate fields hk in terms of the scalar fields in the
generic basis Φa. Since these expressions do not depend on the Higgs basis, one could
have obtained the results for the Higgs mass-eigenstates directly without reference to
Higgs basis quantities. In Appendix B, we present a derivation starting from the generic
basis, which produces the following expressions for the Higgs mass-eigenstates (and the
Goldstone boson) in terms of the generic basis fields:
hk =
1√
2
[
Φ0 †a¯ (qk1v̂a + qk2ŵae
−iθ23) + (q∗k1v̂
∗
a¯ + q
∗
k2ŵ
∗
a¯e
iθ23)Φ0a
]
, (2.46)
for k = 1, . . . , 4, where h4 = G
0. The shifted neutral fields are defined by Φ0a ≡
Φ0a − vv̂a/
√
2.
Table 2.1: The U(2)-invariant quantities qkℓ are functions of the the neutral Higgs
mixing angles θ12 and θ13, where cij ≡ cos θij and sij ≡ sin θij .
k qk1 qk2
1 c12c13 −s12 − ic12s13
2 s12c13 c12 − is12s13
3 s13 ic13
4 i 0
Since the qkℓ are U(2)-invariant and ŵae
−iθ23 is a proper vector under U(2) transfor-
mations, it follows that eq. (2.46) provides a U(2)-invariant expression for the Higgs
mass-eigenstates. It is now a simple matter to invert eq. (2.46) to obtain
Φa =

G+v̂a +H
+ŵa
v√
2
v̂a +
1√
2
4∑
k=1
(
qk1v̂a + qk2e
−iθ23ŵa
)
hk
 , (2.47)
where h4 ≡ G0. The form of the charged upper component of Φa is a consequence of
eq. (2.11). The U(2)-covariant expression for Φa in terms of the Higgs mass-eigenstate
scalar fields given by eq. (2.47) is one of the central results of this paper. In sections 2.5
and 2.6, we shall employ this result for Φa in the computation of the Higgs couplings of
the 2HDM.
Finally, we return to the question of the domains of the angles θij. We assume
that Z6 ≡ |Z6|eiθ6 6= 0 (the special case of Z6 = 0 is treated at the end of Appendix C).
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Since e−iθ23 is a pseudo-invariant, we prefer to deal with the invariant angle φ:
φ ≡ θ6 − θ23 , where θ6 ≡ argZ6 . (2.48)
As shown in Appendix C, the invariant angles θ12, θ13 and φ are determined modulo π
in terms of invariant combinations of the scalar potential parameters. This domain is
smaller than the one defined by −π ≤ θ12, θ23 < π and |θ13| ≤ π/2, which covers the
parameter space of SO(3) matrices. Since the U(2)-invariant mass-eigenstate fields hk
are real, one can always choose to redefine any one of the hk by its negative. Redefining
two of the three Higgs fields h1, h2 and h3 by their negatives
7 is equivalent to multiplying
two of the rows of R by −1. In particular,
θ12 → θ12 ± π =⇒ h1 → −h1 and h2 → −h2 , (2.49)
φ→ φ± π , θ13 → −θ13 , θ12 → ±π − θ12 =⇒ h1 → −h1 and h3 → −h3 , (2.50)
θ13 → θ13 ± π , θ12 → −θ12 =⇒ h1 → −h1 and h3 → −h3 , (2.51)
φ→ φ± π , θ13 → −θ13 , θ12 → −θ12 =⇒ h2 → −h2 and h3 → −h3 , (2.52)
θ13 → θ13 ± π , θ12 → ±π − θ12 =⇒ h2 → −h2 and h3 → −h3 . (2.53)
This means that if we adopt a convention in which c12, c13 and sinφ are non-negative,
with the angles defined modulo π, then the sign of the Higgs mass-eigenstate fields will
be fixed.
Given a choice of the overall sign conventions of the neutral Higgs fields, the
number of solutions for the invariant angles θ12, θ13 and φ modulo π are in one-to-one
correspondence with the possible mass orderings of the mk (except at certain singular
points of the parameter space8). For example, note that
θ12 → θ12 ± π/2 =⇒ h1 → ∓h2 and h2 → ±h1 . (2.54)
That is, two solutions for θ12 exist modulo π. If m1 < m2, then eq. (C.25) implies
that the solutions for θ12 and φ are correlated such that s12 cosφ ≥ 0, and (for fixed
φ) only one θ12 solution modulo π survives. The corresponding effects on the invariant
angles that result from swapping other pairs of neutral Higgs fields are highly non-linear
and cannot be simply exhibited in closed form. Nevertheless, we can use the results of
Appendix C to conclude that form1,2 < m3 (in a convention where sinφ ≥ 0), eq. (C.23)
yields s13 ≤ 0, and for m1 < m2 < m3, eq. (C.21) implies that sin 2θ56 cosφ ≥ 0, where
θ56 ≡ −12 arg(Z∗5Z26 ).
The sign of the neutral Goldstone field is conventional, but is not affected by
the choice of Higgs mixing angles. Finally, we note that the charged fields G± and
7In order to have an odd number of Higgs mass-eigenstates redefined by their negatives, one would
have to employ an orthogonal Higgs mixing matrix with det R = −1.
8At singular points of the parameter space corresponding to two (or three) mass-degenerate neutral
Higgs bosons, some (or all) of the invariant Higgs mixing angles are indeterminate. An indeterminate
invariant angle also arises in the case of Z6 = 0 and c13 = 0 as explained at the end of Appendix C.
23
H± are complex. Eq. (2.47) implies that G± is an invariant field and H± is a pseudo-
invariant field that transforms as:
H± → (detU)±1H± (2.55)
with respect to U(2) transformations. That is, once the Higgs Lagrangian is written in
terms the Higgs mass-eigenstates and the Goldstone bosons, one is still free to rephase
the charged fields. By convention, we shall fix this phase according to eq. (2.47).
2.5 Higgs Couplings to Bosons
We begin by computing the Higgs self-couplings in terms of U(2)-invariant
quantities. First, we use eq. (2.47) to obtain:
Φ†a¯Φb =
1
2v
2Vba¯ + vhk
[
Vba¯Re qk1 +
1
2
(
v̂bŵ
∗
a¯q
∗
k2e
iθ23 + v̂∗a¯ŵbqk2e
−iθ23
)]
+12hjhk
[
Vba¯Re(q
∗
j1qk1) +Wba¯Re(q
∗
j2qk2)
+v̂bŵ
∗
a¯q
∗
j2qk1e
iθ23 + v̂∗a¯ŵbq
∗
j1qk2e
−iθ23
]
+G+G−Vba¯ +H+H−Wba¯ +G−H+v̂∗a¯ŵb +G
+H−ŵ∗a¯v̂b , (2.56)
where repeated indices are summed over and j, k = 1, . . . , 4. We then insert eq. (2.56)
into eq. (2.2), and expand out the resulting expression. We shall write:
V = V0 + V2 + V3 + V4 , (2.57)
where the subscript indicates the overall degree of the fields that appears in the polyno-
mial expression. V0 is a constant of no significance and V1 = 0 by the scalar potential
minimum condition. V2 is obtained in Appendix C. In this section, we focus on the
cubic Higgs self-couplings that reside in V3 and the quartic Higgs self-couplings that
reside in V4.
Using eqs. (2.17) and (2.18), one can express V3 and V4 in terms of the invari-
ants (Y1, Y2 and Z1,2,3,4) and pseudo-invariants (Y3, Z5,6,7). In the resulting expressions,
we have eliminated Y1 and Y3 by the scalar potential minimum conditions [eq. (2.21)].
The cubic Higgs couplings are governed by the following terms of the scalar potential:
V3 = 12v hjhkhℓ
[
qj1q
∗
k1Re(qℓ1)Z1 + qj2q
∗
k2Re(qℓ1)(Z3 + Z4) + Re(q
∗
j1qk2qℓ2Z5 e
−2iθ23)
+Re
(
[2qj1 + q
∗
j1]q
∗
k1qℓ2Z6 e
−iθ23
)
+Re(q∗j2qk2qℓ2Z7 e
−iθ23)
]
+v hkG
+G−
[
Re(qk1)Z1 +Re(qk2 e
−iθ23Z6)
]
+v hkH
+H−
[
Re(qk1)Z3 +Re(qk2 e
−iθ23Z7)
]
+12v hk
{
G−H+ eiθ23
[
q∗k2Z4 + qk2 e
−2iθ23Z5 + 2Re(qk1)Z6 e−iθ23
]
+ h.c.
}
, (2.58)
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where there is an implicit sum over the repeated indices9 j, k, ℓ = 1, 2, 3, 4. Since the
neutral Goldstone boson field is denoted by h4 ≡ G0, we can extract the cubic couplings
of G0 by using q41 = i and q42 = 0. The only cubic Higgs–G
0 couplings that survive
are:
V3G = 12v
3∑
k=1
3∑
ℓ=1
G0hkhℓ
[
Im(qk2qℓ2Z5 e
−2iθ23) + 2qk1 Im
(
qℓ2Z6 e
−iθ23
)]
+12v
3∑
ℓ=1
G0G0hℓ
[
qℓ1Z1 +Re(qℓ2Z6e
−iθ23)
]
, (2.59)
where we have used the fact that qj1 is real for j = 1, 2, 3.
At the end of the section 2.4, we noted that H+ is a pseudo-invariant field.
However eiθ23H+ is a U(2)-invariant field [see eqs. (2.39) and (2.55)], and it is precisely
this combination that shows up in eq. (2.58). Moreover, as shown in section 2.4, the
qkℓ and the quantities Z5 e
−2iθ23 , Z6 e−iθ23 and Z7 e−iθ23 are also invariant with respect
to flavor-U(2) transformations. Thus, we conclude that eq. (2.58) is U(2)-invariant as
required.
The quartic Higgs couplings are governed by the following terms of the scalar
potential:
V4 = 18hjhkhlhm
[
qj1qk1q
∗
ℓ1q
∗
m1Z1 + qj2qk2q
∗
ℓ2q
∗
m2Z2
+2qj1q
∗
k1qℓ2q
∗
m2(Z3 + Z4) + 2Re(q
∗
j1q
∗
k1qℓ2qm2Z5 e
−2iθ23)
+4Re(qj1q
∗
k1q
∗
ℓ1qm2Z6 e
−iθ23) + 4Re(q∗j1qk2qℓ2q
∗
m2Z7 e
−iθ23)
]
+12hjhkG
+G−
[
qj1q
∗
k1Z1 + qj2q
∗
k2Z3 + 2Re(qj1qk2Z6 e
−iθ23)
]
+12hjhkH
+H−
[
qj2q
∗
k2Z2 + qj1q
∗
k1Z3 + 2Re(qj1qk2Z7 e
−iθ23)
]
+12hjhk
{
G−H+ eiθ23
[
qj1q
∗
k2Z4 + q
∗
j1qk2Z5 e
−2iθ23 + qj1q∗k1Z6 e
−iθ23
+qj2q
∗
k2Z7 e
−iθ23
]
+ h.c.
}
+ 12Z1G
+G−G+G− + 12Z2H
+H−H+H−
+(Z3 + Z4)G
+G−H+H− + 12Z5H
+H+G−G− + 12Z
∗
5H
−H−G+G+
+G+G−(Z6H+G−+ Z∗6H
−G+) +H+H−(Z7H+G−+ Z∗7H
−G+) , (2.60)
9Note that the sum over repeated indices can be rewritten by appropriately symmetrizing the rel-
evant coefficients. For example,
P
jkℓ
gjkℓ hjhkhℓ =
P
j≤k≤ℓ hjhkhℓ [gjkℓ + perm], where “perm” is an
instruction to add additional terms (as needed) such that the indices j, k and ℓ appear in all possible
distinct permutations.
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where there is an implicit sum over the repeated indices j, k, ℓ, m = 1, 2, 3, 4. One can
check the U(2)-invariance of V4 by noting that Z5H+H+, Z6H+ and Z7H+ are U(2)-
invariant combinations.10 It is again straightforward to isolate the quartic couplings of
the neutral Goldstone boson (h4 ≡ G0):
V4G = 18q411Z1G0G0G0G0 + 12Im(qm2Z6 e−iθ23)G0G0G0hm
+14G
0G0hℓhm
[
qℓ1qm1Z1 + qℓ2q
∗
m2(Z3 + Z4)− Re(qℓ2qm2Z5e−2iθ23)
+2qℓ1Re(qm2Z6e
−iθ23)
]
+ 12G
0hkhℓhm
[
qk1Re(qℓ2qm2Z5e
−2iθ23)
+qk1qℓ1Re(qm2Z6e
−iθ23) + Re(qk2qℓ2q∗m2Z7e
−iθ23)
]
−Im(qm2Z6 e−iθ23)G+G−G0hm − Im(qm2Z7 e−iθ23)H+H−G0hm
+12 iG
0hm
{
G−H+eiθ23
[
q∗m2Z4 − qm2Z5e−2iθ23
]
+ h.c.
}
+12Z1G
0G0G+G− + 12Z3G
0G0H+H−
+12Z6G
0G0G−H+ + 12Z
∗
6G
0G0G+H−, (2.61)
where the repeated indices k, ℓ, m = 1, 2, 3 are summed over.
The Feynman rules are obtained by multiplying the relevant terms of the scalar
potential by −iS, where the symmetry factor S = ∏i ni! for an the interaction term
that possesses ni identical particles of type i. Explicit forms for the qkℓ in terms of
the invariant mixing angles θ12 and θ13 are displayed in Table 2.1. For example, the
Feynman rule for the cubic self-coupling of the lightest neutral Higgs boson is given by
ig(h1h1h1) where
g(h1h1h1) = −3v
[
Z1c
3
12c
3
13 + (Z3 + Z4)c12c13|s123|2 + c12c13Re(s2123Z5 e−2iθ23)
−3c212c213Re(s123Z6 e−iθ23)− |s123|2Re(s123Z7 e−iθ23)
]
, (2.62)
where s123 ≡ s12 + ic12s13. Similarly, the Feynman rule for the quartic self-coupling of
the lightest neutral Higgs boson is given by ig(h1h1h1h1) where
g(h1h1h1h1) = −3
[
Z1c
4
12c
4
13 + Z2|s123|4 + 2(Z3 + Z4)c212c213|s123|2
+2c212c
2
13Re(s
2
123Z5 e
−2iθ23)− 4c312c313Re(s123Z6 e−iθ23)
−4c12c13|s123|2Re(s123Z7 e−iθ23)
]
. (2.63)
10It is instructive to write, e.g., Z6H
+ = (Z6 e
−iθ23)(H+ eiθ23), etc. to exhibit the well-known U(2)-
invariant combinations.
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We turn next to the coupling of the Higgs bosons to the gauge bosons. These
arise from the Higgs boson kinetic energy terms when the partial derivatives are re-
placed by the gauge covariant derivatives: LKE = D
µΦ†a¯DµΦa. In the SU(2)L×U(1)
electroweak gauge theory,
DµΦa =
 ∂µΦ
+
a +
[
ig
cW
(
1
2 − s2W
)
Zµ + ieAµ
]
Φ+a +
ig√
2
W+µ Φ
0
a
∂µΦ
0
a −
ig
2cW
ZµΦ
0
a +
ig√
2
W−µ Φ
+
a
 , (2.64)
where sW ≡ sin θW and cW ≡ cos θW . Inserting eq. (2.64) into LKE yields the Higgs
boson–gauge boson interactions in the generic basis. Finally, we use eq. (2.47) to obtain
the interaction Lagrangian of the gauge bosons with the physical Higgs boson mass-
eigenstates. The resulting interaction terms are:
LV V H =
(
gmWW
+
µ W
µ− +
g
2cW
mZZµZ
µ
)
Re(qk1)hk
+emWA
µ(W+µ G
− +W−µ G
+)− gmZs2WZµ(W+µ G− +W−µ G+) , (2.65)
LV V HH =
[
1
4g
2W+µ W
µ− +
g2
8c2W
ZµZ
µ
]
Re(q∗j1qk1 + q
∗
j2qk2)hjhk
+
[
1
2g
2W+µ W
µ− + e2AµAµ +
g2
c2W
(
1
2 − s2W
)2
ZµZ
µ
+
2ge
cW
(
1
2 − s2W
)
AµZ
µ
]
(G+G− +H+H−)
+
{(
1
2egA
µW+µ −
g2s2W
2cW
ZµW+µ
)
(qk1G
− + qk2 e−iθ23H−)hk + h.c.
}
,
(2.66)
and
LV HH =
g
4cW
Im(qj1q
∗
k1 + qj2q
∗
k2)Z
µhj
↔
∂µ hk
−12g
{
iW+µ
[
qk1G
−↔
∂ µ hk + qk2e
−iθ23H−
↔
∂ µ hk
]
+ h.c.
}
+
[
ieAµ +
ig
cW
(
1
2 − s2W
)
Zµ
]
(G+
↔
∂µ G
− +H+
↔
∂µ H
−) , (2.67)
where the repeated indices j, k = 1, . . . , 4 are summed over. The neutral Goldstone
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boson interaction terms can be ascertained by taking h4 ≡ G0:
LV G =
[
1
4g
2W+µ W
µ− +
g2
8c2W
ZµZ
µ
]
G0G0
+
{
1
2 iegA
µW+µ G
−G0 − ig
2s2W
2cW
ZµW+µ G
−G0 + h.c.
}
+
g
2cW
Re(qk1)Z
µG0
↔
∂µ hk +
1
2g
(
W+µ G
−↔
∂ µ G
0 +W−µ G
+↔
∂ µ G
0
)
.(2.68)
Once again, we can verify by inspection that the Higgs boson–vector boson
interactions are U(2)-invariant. Moreover, one can derive numerous relations among
these couplings using the properties of the qkℓ. In particular, eqs. (2.36)–(2.38) imply
the following relations among the Higgs boson–vector boson couplings [56, 55, 106]:
g(ZZhj) = mZ
3∑
k,ℓ=1
ǫjkℓ g(Zhkhℓ) , (j = 1, 2, 3) , (2.69)
3∑
k=1
[g(V V hk)]
2 =
g2m4V
m2W
, V =W± or Z , (2.70)
∑
1≤j<k≤3
[g(Zhjhk)]
2 =
g2
4c2W
, (2.71)
g(ZZhj)g(ZZhk) + 4m
2
Z
3∑
ℓ=1
g(Zhjhℓ)g(Zhkhℓ) =
g2m2Z
c2W
δjk , (2.72)
where the Feynman rules for the V V hk and Zhjhk vertices are given by ig
µν g(V V hk)
and (pk−pj)µ g(Zhjhk), respectively, and the four-momenta pj , pk of the neutral Higgs
bosons hj , hk point into the vertex.
11 Note that eq. (2.72) holds for j, k = 1, 2, 3, 4.
2.6 Higgs Couplings to Fermions
The most general Yukawa couplings of Higgs bosons to fermions yield neutral
Higgs-mediated flavor-changing neutral currents at tree-level [50, 45, 100]. Typically,
these couplings are in conflict with the experimental bounds on FCNC processes. Thus,
most model builders impose restrictions on the structure of the Higgs fermion cou-
plings to avoid the potential for phenomenological disaster. However, even in the case
11The Feynman rule for the ZZhk vertex includes a factor of two relative to the coefficient of the
corresponding term in iLV V H due to the identical Z bosons. The Feynman rule for the Zhjhk vertex
is given by 1
2
(g/cW )Im[qj1q
∗
k1 + qj2q
∗
k2](pk − pj)
µ. Here, the factor of two relative to the corresponding
term in eq. (2.67) arises from the implicit double sum over j and k in the Lagrangian. Note that the
rule for the Zhjhk vertex does not depend on the ordering of j and k.
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of the most general Higgs-fermion couplings, parameter regimes exist where FCNC ef-
fects are sufficiently under control. In the absence of new physics beyond the 2HDM,
such parameter regimes are unnatural (but can be arranged with fine-tuning). In mod-
els such as the minimal supersymmetric extension of the Standard Model (MSSM),
supersymmetry-breaking effects generate all possible Higgs-fermion Yukawa couplings
allowed by electroweak gauge invariance. Nevertheless, the FCNC effects are one-loop
suppressed and hence phenomenologically acceptable.
In this section, we will study the basis-independent description of the Higgs-
fermion interaction. In a generic basis, the so-called type-III model [11, 29, 34] of Higgs
fermion interactions is governed by the following interaction Lagrangian:
−LY = Q0L Φ˜1ηU,01 U0R +Q
0
LΦ1(η
D,0
1 )
†D0R +Q0L Φ˜2η
U,0
2 U
0
R +Q
0
LΦ2(η
D,0
2 )
†D0R + h.c. ,
(2.73)
where Φ1,2 are the Higgs doublets and Φ˜i ≡ iσ2Φ∗i . As in section 1.1.3, Q0L, U0R, D0R
denote the interaction basis quark fields, which are vectors in the quark flavor space,
and ηQ,01 and η
Q,0
2 (Q = U , D) are four 3× 3 matrices in quark flavor space. We have
omitted the leptonic couplings in eq. (2.73); these are obtained from eq. (2.73) with
the obvious substitutions Q0L → L0L and D0R → E0R. (In the absence of right-handed
neutrinos, there is no analog of U0R.)
The derivation of the couplings of the physical Higgs bosons with the quark
mass-eigenstates was given in ref. [34] in the case of a CP-conserving Higgs sector.
Here, we generalize that discussion to the more general case of a CP-violating Higgs
sector. The first step is to identify the quark mass-eigenstates. This is accomplished
by setting the scalar fields to their vacuum expectation values and performing unitary
transformations of the left and right-handed up and down quark multiplets such that
the resulting quark mass matrices are diagonal with non-negative entries. In more
detail, we define left-handed and right-handed quark mass-eigenstate fields according
to eq. (1.19), with the CKM matrix K ≡ V UL V D †L as before. In addition, we introduce
“rotated” Yukawa coupling matrices:
ηUa ≡ V UL ηU,0a V U †R , ηDa ≡ V DR ηD,0a V D †L . (2.74)
We then rewrite eq. (2.73) in terms of the quark mass-eigenstate fields and the trans-
formed couplings:
−LY = ULΦ˜a¯ηUa UR +DLK†Φ˜a¯ηUa UR + ULKΦaηD †a¯ DR +DLΦaηD †a¯ DR + h.c. , (2.75)
where ηQa ≡ (ηQ1 , ηQ2 ) is a (basis-dependent) vector in U(2) space. If we assume that
there is no basis in which can write either ηU2 = η
D
2 = 0 (Type I) or η
U
1 = η
D
2 = 0 (Type
II), then this “Type III” 2HDM Yukawa Lagrangian. One could also write it in a more
compact form:
−LY = QLΦ˜a¯ηUa UR +QLΦaηD †a¯ DR + h.c. , (2.76)
where U ≡ K†U, and QL =
(U
D
)
L
.
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Under a U(2)-transformation of the scalar fields, ηQa → Uab¯ηQb and ηQ †a¯ →
ηQ †
b¯
U †ba¯. Hence, the Higgs–quark Lagrangian is U(2)-invariant. We can construct basis-
independent couplings following the strategy of section 2.3 by transforming to the Higgs
basis. Using eq. (2.11), we can rewrite eq. (2.75) in terms of Higgs basis scalar fields:
−LY = QL(H˜1κU + H˜2ρU )UR +QL(H1κD † +H2ρD †)DR + h.c. , (2.77)
where
κQ ≡ v̂∗a¯ ηQa , ρQ ≡ ŵ∗a¯ ηQa . (2.78)
Inverting eq. (2.78) yields:
ηQa = κ
Qv̂a + ρ
Qŵa . (2.79)
Under a U(2) transformation, κQ is invariant, whereas ρQ is a pseudo-invariant that
transforms as:
ρQ → (detU)ρQ . (2.80)
By construction, κU and κD are proportional to the (real non-negative) diagonal quark
mass matricesMU andMD, respectively. In particular, theMQ are obtained by inserting
eq. (2.12) into eq. (2.77). As in the SM (see eqs. (1.23) and (1.24)), we find:
MU =
v√
2
κU = diag(mu , mc , mt) = V
U
L M
0
UV
U †
R , (2.81)
MD =
v√
2
κD † = diag(md , ms , mb) = V DL M
0
DV
D †
R , (2.82)
where M0U ≡ (v/
√
2)v̂∗a¯ η
U,0
a and M0D ≡ (v/
√
2)v̂a η
D,0 †
a¯ . That is, we have chosen the
unitary matrices V UL , V
U
R , V
D
L and V
D
R such that MD and MU are diagonal matrices
with real non-negative entries.12 In contrast, the ρQ are independent complex 3 × 3
matrices.
In order to obtain the interactions of the physical Higgs bosons with the quark
mass-eigenstates, we do not require the intermediate step involving the Higgs basis.
Instead, we insert eq. (2.47) into eq. (2.75) and obtain:
−LY = 1
v
D
{
MD(qk1PR + q
∗
k1PL) +
v√
2
[
qk2 [e
iθ23ρD]†PR + q∗k2 e
iθ23ρDPL
]}
Dhk
+
1
v
U
{
MU (qk1PL + q
∗
k1PR) +
v√
2
[
q∗k2 e
iθ23ρUPR + qk2 [e
iθ23ρU ]†PL
]}
Uhk
+
{
U
[
K[ρD]†PR − [ρU ]†KPL
]
DH+
+
√
2
v
U [KMDPR −MUKPL]DG+ + h.c.
}
, (2.83)
12This can be accomplished by the singular-value decompositions of the complex matrices M0U and
M0D [73].
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where k = 1, . . . 4. Since eiθ23ρQ and [ρQ]†H+ are U(2)-invariant, it follows that
eq. (2.83) is a basis-independent representation of the Higgs–quark interactions.
The neutral Goldstone boson interactions (h4 ≡ G0) are easily isolated:
−LY G = i
v
[
DMDγ5D − UMUγ5U
]
G0 . (2.84)
In addition, since the qk1 are real for k = 1, 2, 3, it follows that the piece of the
neutral Higgs–quark couplings proportional to the quark mass matrix is of the form
v−1QMQ qk1Qhk.
The couplings of the neutral Higgs bosons to quark pairs are generically CP-
violating as a result of the complexity of the qk2 and the fact that the matrices e
iθ23ρQ
are not generally purely real orpurely imaginary. (Invariant conditions for the CP-
invariance of these couplings are given in Chapter 3.1). Eq. (2.83) also exhibits Higgs-
mediated FCNCs at tree-level due to the ρQ not being flavor-diagonal. Thus, for a
phenomenologically acceptable theory, the off-diagonal elements of ρQ must be small.
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Chapter 3
Special Limits: CP Conservation, The
2HDM with Z6 = 0, and Custodial
Symmetry
In the limit of g′ → 0, the bosonic sector of the Standard Model has a global
SU(2)L × SU(2)R symmetry. After electroweak symmetry breaking, this symmetry
reduces to SU(2)L+R ≡ SU(2)V , known as the “custodial symmetry.” Violations of
custodial symmetry lead to corrections to the relation m2W = m
2
Zcos
2θW . This custodial
limit is a more restrictive case of CP conservation. In the 3-generation model, we know
that CP violation must exist in the CKM matrix, so a 2HDM with no CP violation is
unrealistic. Thus, for the purposes of this chapter, when we refer to the “CP conserving”
model, we mean that the bosonic sector and the neutral Higgs-Quark couplings conserve
CP.
The CP-conserving limit of the basis-independent 2HDM has been analyzed in
[34] and [66]1. In this chapter, we build on the results of previous work and define two
cases of CP conservation that are distinguishable based on the parameter Z6e
−iθ23 . In
section 3.1.1, we derive basis-independent expressions for the masses and mixing angles
of the Higgs particles in the CP-conserving limit. In section 3.1.2, we make contact with
the existing literature by working in the real basis and relating the Higgs fields to the
parameters cβ−α and sβ−α.
We then analyze the scenario in which Z6 = 0. We will start by deriving the
mass matrix and invariant expressions for the mixing angles in section 3.2, and then
discuss the effects of CP violation or conservation in the scalar couplings. We end with
a discussion of the special case Z6 = Z7 = 0 in section 3.2.3.
In section 3.3, we apply these results to analyse the custodial limit of the
2HDM. The use of the basis-independent formalism allows us to clarify aspects of cus-
todial symmetry which have been made unnecessarily complicated in the literature.
We derive unambiguous conditions for custodial symmetry in the scalar sector and the
1By CP conservation, we mean that the neutral scalars are CP eigenstates. The complex phase in
the CKM matrix induces CP violation in the charged Higgs interactions.
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Higgs-Quark sector and discuss the resulting implications for the scalar masses.
3.1 The CP-Conserving 2HDM
3.1.1 Basis-Independent Analysis of the CP-Conserving Limit
In the CP-conserving limit, we impose CP-invariance on all bosonic couplings
of the Higgs bosons and the fermionic couplings of the neutral Higgs bosons. (We will
ignore, for now, the CP violation in charged Higgs-quark interactions that arises from the
complexity of the CKM matrix.) The requirement of a CP-conserving bosonic sector
is equivalent to the requirement that the scalar potential is explicitly CP-conserving
and that the Higgs vacuum is CP-invariant (i.e., there is no spontaneous CP-violation).
Basis-independent conditions for a CP-conserving bosonic sector have been given in
refs. [20, 34, 60, 88]. In ref. [34], these conditions were recast into the following form.
The bosonic sector is CP-conserving if and only if:2
Im[Z6Z
∗
7 ] = Im[Z
∗
5Z
2
6 ] = Im[Z
∗
5 (Z6 + Z7)
2] = 0 . (3.1)
Eq. (3.1) is equivalent to the requirement that
sin 2(θ5 − θ6) = sin 2(θ5 − θ7) = sin(θ6 − θ7) = 0 , (3.2)
where θ5 and θ6 are defined in eq. (C.7) and θ7 ≡ argZ7 (note that θ5 is defined modulo
π and θ6 and θ7 are defined modulo 2π).
One can explore the consequences of CP-invariance by studying the pattern
of Higgs couplings and the structure of the neutral Higgs boson squared-mass matrix
[eq. (2.24)]. The tree-level couplings of G0 are CP-conserving, even in the general CP-
violating 2HDM. In particular, the couplings G0G0G0, G0G+G−, G0H+H− and ZZG0
are absent. Moreover, eq. (2.84) implies that G0 possesses purely pseudoscalar couplings
to the fermions. Hence, G0 is a CP-odd scalar, independently of the structure of the
scalar potential. We can therefore use the couplings of G0 to the neutral Higgs bosons as
a probe of the CP-quantum numbers of these states. The analysis of the neutral Higgs
boson squared-mass matrix (which does not depend on Z7) simplifies significantly when
Im[Z∗5Z
2
6 ] = 0. One can then choose a basis where Z5 and Z6 are simultaneously real, in
which case the scalar squared-mass matrix decomposes into diagonal block form. The
upper 2 × 2 block can be diagonalized analytically and yields the mass-eigenstates h0
and H0 (with mh0 ≤ mH0). The lower 1 × 1 block yields the mass-eigenstate A0. If
all the conditions of eqs. (3.1) and (3.28) are satisfied, then the neutral Higgs boson
mass-eigenstates are also states of definite CP quantum number. We shall demonstrate
below that h0 and H0 are CP-even scalars and A0 is a CP-odd scalar.
Since Z6 6= 0 by assumption, eq. (C.24) yields sinφ cosφ = 0, and eq. (C.21)
implies that either some of the neutral Higgs boson masses are degenerate or s13s12c12 =
0.3 In the case of degenerate masses, some of the invariant angles are not well defined,
2Since the scalar potential minimum conditions imply that Y3 = −
1
2
Z6v
2, no separate condition
involving Y3 is required.
3Since Z6 6= 0, one can use eqs. (C.9) and (C.10) to show that c13 6= 0.
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since any linear combination of the degenerate states is also a mass-eigenstate. Hence,
the degenerate case must be treated separately. In what follows, we shall assume that
all three neutral Higgs boson masses are non-degenerate. Note that if sinφ = 0, then
eq. (C.23) yields s13 = 0, whereas if cosφ = 0, then eq. (C.25) yields sin 2θ12 = 0.
4
Thus, we shall consider separately the two cases:
CP Case I : sinφ = 0 =⇒ Im(Z5e−2iθ23) = Im(Z6e−iθ23) = 0 , (3.3)
CP Case II : cosφ = 0 =⇒ Im(Z5e−2iθ23) = Re(Z6e−iθ23) = 0 , (3.4)
where φ ≡ arg(Z6e−iθ23) is an invariant quantity. The first case corresponds to the mass
ordering mA0 > mH0 ; the second case to the reverse. By comparing equations (3.3) and
(3.4) with the mass matrix in eq. (2.41), one identifies the CP-odd field as the following:
A0 =
{
Im(eiθ23H02 ) [CP Case I] ,
Re(eiθ23H02 ) [CP Case II] .
(3.5)
This is equivalent to the statement that the fields in the Higgs basis transform as follows:(
H1
eiθ23H2
)
→
(
H∗1
e−iθ23H∗2
)
[Case I] ,(
H1
ieiθ23H2
)
→
(
H∗1
(ieiθ23H2)
∗
)
[Case II] . (3.6)
Alternatively, one can define a CP-transformation on fields in the generic basis using
the following [66]: (
H1
H2
)
=
(
v̂∗1 v̂
∗
2
−v̂2 v̂1
)(
Φ1
Φ2
)
. (3.7)
Substituting eq. (3.7) into eq. (3.6) yields(
v̂∗1 v̂
∗
2
−v̂2eiθ23 v̂1eiθ23
)(
Φ1
Φ2
)
→
(
v̂1 v̂2
∓v̂∗2e−iθ23 ±v̂∗1e−iθ23
)(
Φ∗1
Φ∗2
)
, (3.8)
or (
Φ1
Φ2
)
→
(
v̂1 −v̂∗2e−iθ23
v̂2 v̂
∗
1e
−iθ23
)(
v̂1 v̂2
∓v̂∗2e−iθ23 ±v̂∗1e−iθ23
)(
Φ∗1
Φ∗2
)
=
(
v̂21 ± v̂∗22 e−2iθ23 v̂1v̂2 ∓ v̂∗2 v̂∗1e−2iθ23
v̂1v̂2 ∓ v̂∗2 v̂∗1e−2iθ23 v̂22 ± v̂∗21 e−2iθ23
)(
Φ∗1
Φ∗2
)
. (3.9)
Hence, the “covariant” form of eq. (3.6) is
Φa(~x, t)→ (v̂av̂b ± e−2iθ23ŵaŵb)Φ∗¯b(−~x, t), (3.10)
4The same constraints are obtained by imposing the requirement of CP-conserving Higgs couplings.
In particular, the existence of a G0hkhk coupling would imply that hk is a state of mixed CP-even and
CP-odd components. All such couplings must therefore be absent in the CP-conserving limit. Using
the results of eqs. (2.59) and (3.2) one can easily check that at least one of these CP-violating couplings
is present unless s13 = sinφ = 0 or cos φ = sin 2θ12 = 0.
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with the positive (negative) solution corresponding to CP Case I (II).
As a consistency check, we note that a CP-transformation of the Higgs doublets
in the generic basis takes the following form (in the notation of [60]):
CP Φa(~x, t) CP−1 = (UCP )abΦ∗¯b(−~x, t). (3.11)
Invariance of the vacuum under CP requires [44]:
< Φa >= (U
CP )ab < Φb¯ >
∗ . (3.12)
Eq. (3.10) indeed satisfies eq. (3.12), with
(UCP )ab = v̂av̂b ± e−2iθ23ŵaŵb. (3.13)
When the scalar potential is CP-conserving, there always exists a basis in
which the Y and Z parameters and the scalar vacuum expectation values are all real-
valued. In a generic basis, the quantities Y3, Z5, Z6 and Z7 are complex. For the CP-
transformation given in eq. (3.10), requiring CP V CP−1 = V reproduces the relations in
eq. (3.1). If all three physical neutral fields couple to CP-even states, eg, H+H−hk 6= 0
and W+W−hk 6= 0 ∀ k, then the scalar sector violates CP. Otherwise, the field hk for
which all such couplings vanish is CP-odd, and the remaining two fields are CP-even.
In our basis-independent notation, the quantity qk1 will be non-zero for the CP-even
states and zero for the CP-odd state.
Assuming that the masses are non-degenerate5 and that Z6 is non-zero, we
find that
If h3 is CP odd , s13 = Im(Z6 e
−iθ23) = sinφ = 0 [CP Case I], (3.14)
If h2 is CP odd , s12 = Re(Z6 e
−iθ23) = cosφ = 0 [CP Case IIa], (3.15)
If h1 is CP odd , c12 = Re(Z6 e
−iθ23) = cosφ = 0 [CP Case IIb]. (3.16)
The values of the qkℓ corresponding to cases I, IIa and IIb are given in Tables 3.1—3.3.
Table 3.1: The U(2)-invariant quantities qkℓ in the CP-conserving limit. Case I: s13 =
Im(Z6 e
−iθ23) = sinφ = 0. G0 and h3 are CP-odd; h1 and h2 are CP-even.
k qk1 qk2
1 c12 −s12
2 s12 c12
3 0 i
4 i 0
5One can investigate separately cases of degenerate masses, in which case not all of the mixing angles
are well-defined, which we will not do here for the general case of Z6 6= 0. We analyze the degenerate
cases for Z6 = 0 in section 3.2.2.
35
Table 3.2: The U(2)-invariant quantities qkℓ in the CP-conserving limit. Case IIa:
s12 = Re(Z6 e
−iθ23) = cosφ = 0. G0 and h2 are CP-odd; h1 and h3 are CP-even.
k qk1 qk2
1 c13 −is13
2 0 1
3 s13 ic13
4 i 0
Table 3.3: The U(2)-invariant quantities qkℓ in the CP-conserving limit. Case IIb:
c12 = Re(Z6 e
−iθ23) = cosφ = 0. G0 and h1 are CP-odd; h2 and h3 are CP-even.
k qk1 qk2
1 0 1
2 −c13 is13
3 s13 ic13
4 i 0
In both Case I and Case II, M˜ assumes a block diagonal form consisting of
a 2 × 2 block (corresponding to the the CP-even Higgs bosons) and a 1 × 1 block
(corresponding to the CP-odd Higgs boson). The CP-odd field has mass
m2A0 =
1
2v
2
[
Y2/v
2 + Z1 +
1
2 (Z3 + Z4 − Re(Z5 e−2iθ23))
]
[Case I] ,
m2A0 =
1
2v
2
[
Y2/v
2 + Z1 +
1
2 (Z3 + Z4 +Re(Z5 e
−2iθ23))
]
[Case II] . (3.17)
It is possible to eliminate the explicit dependence on θ23 by defining a quantity ε56 as
follows:
Re(Z∗5Z
2
6 ) = ε56|Z5| |Z6|2 , ε56 ≡ ±1 . (3.18)
Note that in the CP-conserving limit,
Re[Z∗5Z
2
6 ] = Re(Z5 e
−2iθ23)Re[(Z6e−iθ23)2] = ±Re(Z5 e−2iθ23)|Z6|2 , (3.19)
where the upper (lower) sign corresponds to case I (II). Then can write Re(Z5 e
−2iθ23) =
±ε56|Z5|, and the masses of the neutral Higgs fields become
m2h0,H0 =
1
2v
2
[
Y2/v
2 + Z1 +
1
2 (Z3 + Z4 + ε56|Z5|)
∓
√[
Y2/v2 − Z1 + 12(Z3 + Z4 + ε56|Z5|)
]2
+ 4|Z6|2
]
,
m2A0 = Y2 +
1
2(Z3 + Z4 − ε56|Z5|)v2 , (3.20)
where is defined by the relation ε56 is an invariant quantity, its value must be determined
from experiment.
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Additional constraints for a CP-conserving 2HDM arise when the Higgs-fermion
couplings are included. Let us write the transformation of the fields hk under CP as
hk → ηkhk, where ηk = ±1. The Higgs-Quark Lagrangian [eq. (2.83)] contains the term
1√
2
q∗k2De
iθ23ρDPLDhk + h.c. (3.21)
(and a similar term with U in place ofD). If CP is conserved, the quark mass-eigenstates
Di and Ui transform under CP with some phase,
Di → eiθDi D∗i , Ui → eiθ
U
i U∗i . (3.22)
However, one can rephase Di and Ui such that Di → D∗i and Ui → U∗i under a CP
transformation. Let us assume that we have done such a rephasing, defined by Di →
ηDi Di (and similarly for Ui), with |ηQi | = 1. This rephasing also transforms the Yukawa
matrices, with the result ρQij → ηQi ηQ∗j ρQij . Reinstituting the flavor indices, the CP
transformation on eq. (3.21) (having suitably rephased the quark fields) gives
q∗k2Di[e
iθ23ρD]ijPLDjhk → ηkq∗k2Di[eiθ23ρD]jiPRDjhk , (3.23)
where ρD has been appropriately rephased, as described above. Comparing this to the
hermitian conjugate of eq. (3.21),
qk2Di[e
iθ23ρD]†ijPRDjhk , (3.24)
we obtain a condition for CP invariance of the neutral Higgs bosons, and with the
analogous result for ρU . Both conditions can be summarized as
ηkq
∗
k2[e
iθ23ρQ]ij = [e
iθ23ρQ]∗ijqk2 . (3.25)
The values of qk2 and ηk can be obtained from Tables 3.1—3.3. One finds that
eq. (3.25) is equivalent to the following:
eiθ23ρQ is
{
real in Case I ,
imaginary in Cases IIa and IIb .
(3.26)
In both Cases I and II, the results of eqs. (3.3), (3.4) and (3.26) imply that
Im(Z6ρ
Q) = Im(Z6e
−iθ23eiθ23ρQ)
= Re(Z6e
−iθ23)Im(eiθ23ρQ))− Im(Z6e−iθ23)Re(eiθ23ρQ))
= 0 . (3.27)
One can prove similar conditions involving Z7 and Z5, so that the complete set of
conditions for CP-invariance of the couplings of the neutral Higgs bosons to fermion
pairs is the following:
Im[Z6ρ
Q] = Im[Z7ρ
Q] = Im[Z5(ρ
Q)2] = 0 . (3.28)
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Thus, if eqs. (3.1) and (3.28) are satisfied, then the neutral Higgs bosons are eigenstates
of CP, and the only possible source of CP-violation in the 2HDM is the unremovable
phase in the CKM matrix K that enters via the charged current interactions mediated
by either W± or H± exchange6 [see eq. (2.83)].
Invariant techniques for describing the constraints on the Higgs-fermion inter-
action due to CP-invariance have also been considered in refs. [20] and [44]. In these
works, the authors construct invariant expressions that are both U(2)-invariant and in-
variant with respect to the redefinition of the quark fields. For example, the invariants
denoted by Ja and Jb in ref. [20] are given by Ja ≡ ImJD and Jb ≡ ImJU where
JQ = Tr(V Y TQ) , TQ
ab¯
≡ Trf(ηQ,0a ηQ,0 †b¯ ) = Trf(ηQa η
Q †
b¯
) , (3.29)
and the trace Trf sums over the diagonal quark generation indices. Note that the trace
over generation indices ensures that the resulting expression is invariant with respect to
unitary redefinitions of the quark fields [eq. (1.19)]. Using eq. (B.5) [with A = Y ], it is
straightforward to re-express eq. (3.29) as:
JQ = Y1Trf [(κ
Q)2] + Y3Trf [κ
QρQ] , (3.30)
after using eqs. (2.17), (2.18) and (2.78). Indeed, JQ is invariant with respect to U(2)
transformations since the product of pseudo-invariants Y3 ρ
Q is a U(2)-invariant quan-
tity. Moreover, taking the trace over the quark generation indices ensures that JQ is
invariant with respect to unitary redefinitions of the quark fields. In ref. [20], a proof is
given that Im JQ = 0 is one of the invariant conditions for CP-invariance of the Higgs-
fermion interactions. In our formalism, this result is easily verified. Using the scalar
potential minimum conditions [eq. (2.21)], we obtain:
Im JQ = − v√
2
Im
[
Z6Trf(MQρ
Q)
]
,
= − v√
2
TrfIm
[
MQZ6ρ
Q
]
. (3.31)
But, CP-invariance requires [by eq. (3.28)] that Z6ρ
Q is real. SinceMQ is a real diagonal
matrix, it then immediately follows that Im JQ = 0.
3.1.2 The CP-Conserving Limit in the Real Basis
For completeness, we will now analyse the CP-conserving 2HDM in a spe-
cific basis, in order to express the masses and physical Higgs states in terms of more
6One can also formulate a basis-independent condition (that is invariant with respect to separate
redefinitions of the Higgs doublet fields and the quark fields) for the absence of CP-violation in the
charged current interactions. This condition involves the Jarlskog invariant [79, 80], and can also be
written as [16, 44]: Trf
ˆ
HU,0, HD,0
˜
3 = 0 (summed over three quark generations), where HQ,0 ≡
MQ,0MQ,0 † and the MQ,0 are defined below eq. (1.24). Since CP-violating phenomena in the charged
current interactions are observed and well described by the CKM matrix, we shall not impose this latter
condition here.
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traditional parameters. In the standard notation of the CP-conserving 2HDM, one con-
siders only real basis choices, in which the Higgs Lagrangian parameters and the scalar
vacuum expectation values are real. We can therefore restrict basis changes to O(2)
transformations [34].7 In this context, pseudo-invariants are SO(2)-invariant quantities
that change sign under an O(2) transformation with determinant equal to −1. Note
that Z5 is now an invariant with respect to O(2) transformations, but Z6, Z7 and e
−iθ23
are pseudo-invariants. In particular, for Z6 6= 0 in the convention where 0 ≤ φ < π,
e−iθ23 = eiφe−iθ6 =
{
ε6 [Case I] ,
iε6 [Case II] ,
(3.32)
where Z6 ≡ ε6|Z6| in the real basis. That is, ε6 is a pseudo-invariant quantity (in
contrast, the sign of Z5 is invariant) with respect to O(2) transformations. Note that
in the real basis,
ε56 = e
2iθ5e−2iθ6 = sgn(Z5)ε26 = sgn(Z5) , (3.33)
so that eq. (3.20) can be written in terms of the real-basis parameters:
m2A0 = Y2 +
1
2v
2 (Z3 + Z4 − Z5) . (3.34)
The generic real basis fields can be expressed in terms of the two neutral
CP-even scalar mass-eigenstates h0, H0 (with mh0 ≤ mH0) and the CP-odd scalar
mass-eigenstate A0, G0 as follows [57, 58, 61]:
Φ01 =
1√
2
[
vv̂1 − h0sα +H0cα + i(G0cβ −A0sβ)
]
, (3.35)
Φ02 =
1√
2
[
vv̂2 + h
0cα +H
0sα + i(G
0sβ +A
0cβ)
]
, (3.36)
with mh0 ≤ mH0 , where v̂a = (cβ , sβ), sα ≡ sinα, cα ≡ cosα, and α is the CP-even
neutral Higgs boson mixing angle. These equations can be written more compactly as
Φ0a =
1√
2
[
(v + h0sβ−α +H0cβ−α + iG0)v̂a + (h0cβ−α −H0sβ−α + iA0)ŵa
]
, (3.37)
where sβ−α ≡ sin(β − α) and cβ−α ≡ cos(β − α).
Using the results of Tables 3.1—3.3 and comparing eq. (3.37) to eq. (2.47)
[with e−iθ23 determined from eq. (3.32)], one can identify the neutral Higgs fields hk
with the eigenstates of definite CP quantum numbers, h0, H0 and A0, and relate the
7If Z6 = Z7 = ρ
Q = 0, then the possible transformations among real bases are elements of O(2)×Z2.
In particular, the sign of Z5 changes when when the Higgs basis field H2 → iH2. In this case, Z5 is an
O(2)-invariant but it is a pseudo-invariant with respect to Z2.
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angular factor β − α with the appropriate invariant angle:8
Case I : h1 = h
0 , h2 = −ε6H0 , h3 = ε6A0 , c12 = sβ−α and s12 = −ε6cβ−α ,
Case IIa : h1 = h
0 , h2 = ε6A
0 , h3 = ε6H
0 , c13 = sβ−α and s13 = ε6cβ−α ,
Case IIb : h1 = ε6A
0 , h2 = −h0 , h3 = ε6H0 , c13 = sβ−α and s13 = ε6cβ−α . (3.38)
In the convention for the angular domain given by eq. (C.8), c12 and c13 are non-
negative and therefore sβ−α ≥ 0. The appearance of the pseudo-invariant quantity ε6
in eq. (3.38) implies that H0, A0 (and H±) are pseudo-invariant fields, and cβ−α is a
pseudo-invariant with respect to O(2) transformations.9 In contrast, h0 is an invariant
field.
At this stage, we have not imposed any mass ordering of the three neutral
scalar states. Since one can distinguish between the CP-odd and the CP-even neutral
scalars, it is sufficient to require that mh0 ≤ mH0 . (If one does not care about the mass
ordering of A0 relative to the CP-even states, then Cases IIa and IIb can be discarded
without loss of generality.) We can compute the masses of the CP-even scalars and the
angle β − α [59] in any of the three cases:
m2h0 = m
2
A0 c
2
β−α + v
2
[
Z1s
2
β−α + Z5c
2
β−α + 2sβ−αcβ−αZ6
]
, (3.39)
m2H0 = m
2
A0 s
2
β−α + v
2
[
Z1c
2
β−α + Z5s
2
β−α − 2sβ−αcβ−αZ6
]
, (3.40)
and
tan[2(β − α)] = 2Z6v
2
m2
A0
+ (Z5 − Z1)v2
, sin[2(β − α)] = −2Z6v
2
m2
H0
−m2
h0
. (3.41)
Note that eqs. (3.39)–(3.41) are covariant with respect to O(2) transformations, since
Z6 and cβ−α are both pseudo-invariant quantities.
We end this section with a very brief outline of the tree-level MSSM Higgs
sector. Since this model is CP-conserving, it is conventional to choose the phase con-
ventions of the Higgs fields that yield a real basis. In the natural supersymmetric basis,
the λi of eq. (A.1) are given by:
λ1 = λ2 =
1
4(g
2 + g′ 2) , λ3 = 14(g
2 − g′ 2) , λ4 = −12g2 , λ5 = λ6 = λ7 = 0 , (3.42)
where g and g′ are the usual electroweak couplings [with m2Z =
1
4(g
2 + g′ 2)v2]. From
these results, one can compute the (pseudo)invariants:
Z1 = Z2 =
1
4(g
2 + g′ 2) cos2 2β , Z3 = Z5 + 14(g
2 − g′ 2) , Z4 = Z5 − 12g2 ,
Z5 =
1
4(g
2 + g′ 2) sin2 2β , Z6 = −Z7 = −14(g2 + g′ 2) sin 2β cos 2β . (3.43)
The standard MSSM tree level Higgs sector formulae [57, 58] for the Higgs masses and
β − α are easily reproduced using eq. (3.43) and the results of this section.
8The extra minus signs in the identification of h2 = −ε6H
0 in Case I and h2 = −h
0 in Case IIb arise
due to the fact that the standard conventions of the CP-conserving 2HDM correspond to detR = −1
(whereas detR = +1 in Case IIa).
9Note that sβ−α is invariant with respect to O(2) transformations, which is consistent with our
convention that sβ−α ≥ 0. The analogous results have been obtained in ref. [34] in a convention where
cβ−α ≥ 0.
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3.2 The 2HDM with Z6 = 0
In this section we discuss the case where Z6 = 0. For now, we will assume
that all three neutral Higgs squared-masses are non-degenerate. Therefore, we require
that Z5 ≡ |Z5|e2iθ5 6= 0 in what follows,10 and define the invariant angle φ5 ≡ θ5 − θ23.
Once the sign conventions of the neutral Higgs fields are fixed, the invariant angles θ12,
θ13 and φ5 are defined modulo π. We first note that eqs. (C.2), (C.3) and (C.11) are
valid when Z6 = 0. Thus, setting eq. (C.3) to zero implies that sin 2θ13 = 0,
11 which
yields two possible solutions, s13 = 0 or c13 = 0. In the former case, eq. (C.2) yields
Im(Z5e
−2iθ23) = 0, i.e., sin 2φ5 = 0, and eq. (C.11) implies that sin 2θ12 = 0. In the
latter case, we can use eq. (C.11) to write
tan(2θ12) = − tan(2φ5). (3.44)
Thus, we can define three cases:
s13 = 0, Im(Z5 e
−2iθ23) = c12 = 0 Case (i) ,
s13 = 0, Im(Z5 e
−2iθ23) = s12 = 0 Case (ii) ,
c13 = 0, Im[Z5 e
2i(θ12−θ23)] = 0 Case (iii) .
(3.45)
Let us start with (i). For Z6 = 0, the mass matrix M˜ has the form [eq. (2.41)]
M˜ ≡ R23MRT23 = v2
 Z1 0 −12Im(Z5 e−2iθ23)0 Re(Z5 e−2iθ23) +A2/v2 0
0 −12Im(Z5 e−2iθ23) A2/v2
 . (3.46)
Applying the mass mixing matrix R˜M˜ R˜T and setting s13 = c12 = 0 in R˜ produces the
diagonalized masses for case (i):
m21 = A
2 + v2 Re(Z5 e
−2iθ23) = Y2 + 12 [Z3 + Z4 +Re(Z5 e
−2iθ23)] v2 ,
m22 = Z1v
2 ,
m23 = A
2 = Y2 +
1
2 [Z3 + Z4 − Re(Z5 e−2iθ23)] v2 , (3.47)
where we have used the convention c13 = +1 and s12 = −1 as required by eq. (C.8), and
eliminated A2 using eq. (2.42). Note that since Im(Z5 e
−2iθ23) = 0, Re(Z5 e−2iθ23) =
sgn(Z5)|Z5|2. The ambiguity in sign will be clarified in section 3.2.1.
For case (ii), one uses instead s13 = s12 = 0, with c12 = c13 = +1. Then
taking R˜M˜ R˜T yields
m21 = Z1v
2 ,
m22 = A
2 + v2 Re(Z5 e
−2iθ23) = Y2 + 12 [Z3 + Z4 +Re(Z5 e
−2iθ23)] v2 ,
m23 = A
2 = Y2 +
1
2 [Z3 + Z4 − Re(Z5 e−2iθ23)] v2 . (3.48)
10If Z5 = Z6 = 0, then the neutral Higgs squared-mass matrix is diagonal in the Higgs basis, with
two degenerate Higgs boson mass-eigenstates for A2 6= Z1v
2. If A2 = Z1v
2 there are three degenerate
Higgs boson mass-eigenstates.
11If Z6 = 0 and A
2 = Z1v
2, then Eq. (C7) is automatically equal to zero. We will see in section 3.2.2
that the neutral Higgs masses are degenerate in this scenario.
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The final (non-degenerate) scenario for Z6 = 0 is case (iii), in which q12 =
ieiθ12 , q22v = e
iθ12 , q41 = i, q31 = −1, and all other qkℓ vanish. Diagonalizing the mass
matrix in eq. (3.46) yields
m21 = A
2 + v2Re(ieiθ12)Re(ieiθ12Z5 e
−2iθ23) ,
m22 = A
2 + v2Re(eiθ12)Re(eiθ12Z5 e
−2iθ23) ,
m23 = Z1v
2 . (3.49)
Using Im(Z5 e
2i(θ12−θ23)) = 0 and Re[z1, z2] = Rez1Rez2 − Imz1Imz2, the masses take
the form
m21 = Y2 +
1
2 [Z3 + Z4 −Re(Z5 e2i(θ12−θ23))] v2 ,
m22 = Y2 +
1
2 [Z3 + Z4 +Re(Z5 e
2i(θ12−θ23))] v2 ,
m23 = Z1v
2 . (3.50)
Since Im(Z5 e
2i(θ12−θ23))] = 0, Re(Z5 e2i(θ12−θ23))] = sgn(Z5)|Z5|2. Thus, up to a reorder-
ing of the three fields, all three cases exhibit the same masses,
m21 = Y2 +
1
2 [Z3 + Z4 − sgn(Z5)|Z5|] v2 ,
m22 = Y2 +
1
2 [Z3 + Z4 + sgn(Z5)|Z5|] v2 ,
m23 = Z1v
2 . (3.51)
3.2.1 CP Conservation with Z6 = 0
Since the mass matrix for Z6 = 0 is broken up into 2 × 2 and 1 × 1 blocks
[see eq. (3.46)], one might expect that the scalar sector is automatically CP-conserving.
Indeed, the field whose mass is given by Z1v
2 in the three cases (i)–(iii) is CP even, as
one can deduce from the couplings G0G0hk. However, the coupling H
+H−hk contains
the expression Re(qk2Z7 e
−iθ23) and the Q¯Qhk interactions [eq. (2.83)] contain q∗k2e
iθ23ρQ
(Q = U,D). Thus, for CP to be conserved, one requires
Im(Z∗5Z
2
7 ) = 0, Im[Z5(ρ
Q)2] = 0, and Im[Z7ρ
Q] = 0. (3.52)
One observes from eqs. (3.47), (3.48) and (3.50) that in case (iii), the angle θ23 − θ12
plays the same role as θ23 in cases (i) and (ii). Thus, it is convenient to define
θ¯23 ≡
{
θ23 cases (i),(ii) ;
θ23 − θ12 case (iii) .
(3.53)
Since Im(Z5 e
−2iθ¯23) = 0 [see eq. (3.45)] and Im[Z7ρQ] = 0, one can write
Im[Z∗5Z
2
7 ] = Re(Z5 e
−2iθ¯23)Im(Z27 e
−2iθ¯23)
= Re(Z5 e
−2iθ¯23)2Im(Z7 e−iθ¯23)Re(Z7 e−iθ¯23) = 0 , (3.54)
Im[Z7 e
−iθ¯23eiθ¯23ρQ] = Re(Z7 e−iθ¯23)Im(ρQ eiθ¯23)
+ Im(Z7 e
−iθ¯23)Re(ρQ eiθ¯23) = 0 . (3.55)
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Eqs. (3.54) and (3.55) have two solutions,
(a) Im(Z7e
−iθ¯23) = Im[ρQeiθ¯23 ] = 0 , (3.56)
(b) Re(Z7e
−iθ¯23) = Re[ρQeiθ¯23 ] = 0 . (3.57)
Note that eq. (3.10) correctly defines the CP transformation for Z6 = 0 provided that one
replace θ23 by θ¯23. The transformation with the positive sign in eq. (3.10) corresponds
to solution (a) [eq. (3.56)] and the one with the negative sign to solution (b) [eq. (3.57)].
If neither eq. (3.56) nor eq. (3.57) holds, then CP is violated, and the remaining
two neutral scalar fields will have indefinite CP quantum numbers. If the conditions of
eq. (3.52) hold, all neutral scalars will be CP eigenstates, with CP quantum numbers
displayed in Tables 3.4–3.5. Comparing the results of the tables with eqs. (3.47), (3.48)
and (3.50), one finds that in all three cases,
m2A0 = Y2 +
1
2 [Z3 + Z4 − Re(Z5 e−2iθ¯23)] v2 , for Im(Z7 e−iθ¯23) = Im(ρQ eiθ¯23) = 0 ,
m2A0 = Y2 +
1
2 [Z3 + Z4 +Re(Z5 e
−2iθ¯23)] v2 , for Re(Z7 e−iθ¯23) = Re(ρQ eiθ¯23) = 0 .
(3.58)
m2H0 = Y2 +
1
2 [Z3 + Z4 +Re(Z5 e
−2iθ¯23)] v2 , for Im(Z7 e−iθ¯23) = Im(ρQ eiθ¯23) = 0 ,
m2H0 = Y2 +
1
2 [Z3 + Z4 − Re(Z5 e−2iθ¯23)] v2 , for Re(Z7 e−iθ¯23) = Re(ρQ eiθ¯23) = 0 .
(3.59)
One can condense these results by defining the symbol ε57:
Re(Z∗5Z
2
7 ) = ε57|Z5||Z7|2 , ε57 = ±1 . (3.60)
The quantity ε57 is independent of basis. Note that
Re(Z∗5e
2iθ23) =
Re(Z∗5 |Z7|2e2iθ23)
|Z7|2 ,
=
Re(Z∗5Z
2
7 )Re[(Z
∗
7 )
2e2iθ23 ]
|Z7|2 . (3.61)
Then applying the definition of ǫ57 in eq. (3.60),
Re(Z7 e
−iθ23) = 0 ⇒ ε57|Z5| = −Re(Z5 e−2iθ23) ,
Im(Z7 e
−iθ23) = 0 ⇒ ε57|Z5| = +Re(Z5 e−2iθ23) . (3.62)
Thus, equations (3.58) can be expressed as a single equation, so the mass of the CP-odd
field is given by
m2A0 = Y2 +
1
2 [Z3 + Z4 − ε57|Z5|] v2 , (3.63)
and the second CP-even field has mass
m2H0 = Y2 +
1
2 [Z3 + Z4 + ε57|Z5|] v2 . (3.64)
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If Z7 = 0 but ρ
Q 6= 0, one can derive the analog of ǫ57 as follows: From the conditions
of CP symmetry in eq. (3.52),
Trf Im[Z5(ρ
Q)2] = 0 , ⇒ Im{Z5Trf [(ρQ)2]} = 0 . (3.65)
Any 2× 2 matrix A satisfies its characteristic equation, A2−ATrA+detA = 0. Taking
the trace of this equation yields the identity Tr(A2) − (TrA)2 + 2detA = 0 Thus, the
condition in eq. (3.65) is equivalent to
Im[Z5(Trfρ
Q)2 − 2Z5 det(ρQ)] = 0 , ⇒ Im{Z5Trf [(ρQ)2]} = 0 . (3.66)
Note that ρQeiθ23 is purely real or imaginary [see eqs. (3.56) and (3.57)], so
Im[Z5 det(ρ
Q)] = Re(Z5 e
−2iθ23)Im[det(ρQe−iθ23)] = 0 . (3.67)
Then eq. (3.66) becomes
Im[Z5(Trfρ
Q)2] = 0 . (3.68)
Now we can define
Re[Z5(Trfρ
Q)2] ≡ ε5Q|Z5||(TrρQ)2| , ε5Q = ±1 . (3.69)
Using a similar calculation as in the case with Z7 6= 0, one finds
Re(ρQ e−iθ23) = 0 ⇒ ε5Q|Z5| = −Re(Z5 e−2iθ23) ,
Im(ρQ e−iθ23) = 0 ⇒ ε5Q|Z5| = +Re(Z5 e−2iθ23) . (3.70)
Thus, for Z6 = Z7 = 0, one replaces ε57 by ε5Q in eqs. (3.63) and (3.64).
To summarize, we find that for Z6 = 0 there is one neutral Higgs field that is
always CP-even, with mass squared equal to Z1v
2. Unless Z∗5Z
2
7 , Z7ρ
Q, and Z5(ρ
Q)2
are all real-valued, the remaining neutral fields are mixtures of CP eigenstates, even
though the mass matrix has a block diagonal form. In the CP conserving case, the two
solutions represented by eq. (3.56) and eq. (3.57) correspond to different possibilities for
the CP quantum numbers of those 2 remaining fields. An overview of the three cases
and the associated CP quantum numbers for the CP-conserving case are given in Tables
3.4–3.6. The preceding results are valid for the CP conserving case with Z6 = 0 as
Table 3.4: Values of qkℓ in the CP-conserving limit with Z6 = 0. Case (i): s13 =
c12 = Im(Z5 e
−2iθ23) = 0. The CP quantum numbers are shown for Im(Z7 e−iθ23) =
Im(ρQeiθ¯23) = 0 (upper sign), and Re(Z7 e
−iθ23) = Re(ρQeiθ¯23) = 0 (lower sign).
k qk1 qk2 CP
1 0 1 ±1
2 −1 0 +1
3 0 i ∓1
4 i 0 −1
long either ρQ or Z7 is non-vanishing. If Z6 = Z7 = ρ
Q = 0, the model has some extra
features which will be described in section 3.2.3.
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Table 3.5: Values of qkℓ in the CP-conserving limit with Z6 = 0. Case (ii): s13 =
s12 = Im(Z5 e
−2iθ23) = 0. The CP quantum numbers are shown for Im(Z7 e−iθ23) =
Im(ρQeiθ¯23) = 0 (upper sign), and Re(Z7 e
−iθ23) = Re(ρQeiθ¯23) = 0 (lower sign).
k qk1 qk2 CP
1 1 0 +1
2 0 1 ±1
3 0 i ∓1
4 i 0 −1
Table 3.6: Values of qkℓ in the CP-conserving limit with Z6 = 0. Case (iii):
c13 = Im(Z5 e
2i(θ12−θ23)). The CP quantum numbers are shown for Im(Z7 e−iθ23) =
Im(ρQeiθ¯23) = 0 (upper sign), and Re(Z7 e
−iθ23) = Re(ρQeiθ¯23) = 0 (lower sign).
k qk1 qk2 CP
1 0 ieiθ12 ∓1
2 0 eiθ12 ±1
3 −1 0 +1
4 i 0 −1
3.2.2 Z6 = 0 with Degenerate Neutral Scalars
In the previous discussion we assumed that none of the of neutral scalar masses
were degenerate. If we relax that requirement, three additional ways of satisfying
eqs. (C.2), (C.3) and (C.11) appear:
Im(Z5 e
−2iθ23) = s13 = 0, Z1v2 = Y2 + 12 [Z3 + Z4 +Re(Z5 e
−2iθ23)]v2 , Case (iv) ,
Im(Z5 e
−2iθ23) = c12 = 0, Z1v2 = Y2 + 12 [Z3 + Z4 − Re(Z5 e−2iθ23)]v2 , Case (v) ,
Im(Z5 e
−2iθ23) = s12 = 0, Z1v2 = Y2 + 12 [Z3 + Z4 − Re(Z5 e−2iθ23)]v2 . Case (vi) .
These cases are presented in Tables 3.7–3.9.
For case (iv), diagonalizing the mass matrix yields
m21 = s
2
12A
2 + c212Z1v
2 + v2s212Re(Z5 e
−2iθ23) = Z1v2 ,
m22 = c
2
12A
2 + s212Z1v
2 + v2c212Re(Z5 e
−2iθ23) = Z1v2 ,
m23 = A
2 = Y2 +
1
2v
2[Z3 + Z4 − Re(Z5 e−2iθ23)] , (3.71)
where A2 has been replaced by Z1v
2 − v2Re(Z5 e−2iθ23). The analogous calculation for
case (v) gives
m21 = A
2 + v2Re(Z5 e
−2iθ23) = Y2 + 12v
2[Z3 + Z4 +Re(Z5 e
−2iθ23)] ,
m22 = s
2
13A
2 + v2c213Z1 = Z1v
2 ,
m23 = c
2
13A
2 + v2s213Z1 = Z1v
2 . (3.72)
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Similarly, for case (vi) one finds
m21 = Z1v
2 ,
m22 = v
2[Z1 +Re(Z5 e
−2iθ23)] = Y2 + 12v
2[Z3 + Z4 +Re(Z5 e
−2iθ23)] ,
m23 = Z1v
2 . (3.73)
One observes that the degenerate fields have mass squared equal to Z1v
2 in all
Table 3.7: Values of qkℓ with Z6 = 0. Case (iv): s13 = Im(Z5 e
−2iθ23) = Z1 − A2/v2 −
Re(Z5 e
−2iθ23) = 0.
k qk1 qk2
1 c12 −s12
2 s12 c12
3 0 i
4 i 0
Table 3.8: Values of qkℓ with Z6 = 0. Case (v): c12 = Im(Z5 e
−2iθ23) = Z1 −A2/v2 = 0.
k qk1 qk2
1 0 1
2 −c13 is13
3 s13 ic13
4 i 0
Table 3.9: Values of qkℓ with Z6 = 0. Case (vi): s12 = Im(Z5 e
−2iθ23) = Z1−A2/v2 = 0.
k qk1 qk2
1 c13 −is13
2 0 1
3 s13 ic13
4 i 0
cases. If Im[Z∗5Z
2
7 ] = 0, Im[Z5(ρ
Q)2] = 0, and Im[Z7ρ
Q] = 0, the scalar sector
will be CP-conserving. In case (iv), the interaction Re(qk2Z7e
−iθ23)hkH+H− indi-
cates that the non-degenerate field, h3, is CP-odd if Im(Z7 e
−iθ23) = 0 and CP-even
if Re(Z7 e
−iθ23) = 0. One also deduces that the combination s12h1 + c12h2 is CP-even
if Im(Z7 e
−iθ23) = 0 and CP-odd if Re(Z7 e−iθ23) = 0. [One obtains analogous results
using the Q¯Qhk interaction.] The orthogonal combination is always CP-even. These
results are summarized in Table 3.10. A similar analysis for cases (v) and (vi) gives the
results shown in Tables 3.11 and 3.12, respectively. Using Tables 3.10–3.12 and the
equations for the masses in eqs. (3.71), (3.72) and (3.73), one can write expressions for
the mass of the CP-odd field that apply in all three cases, namely
m2A0 = Y2 +
1
2 [Z3 + Z4 − ε57|Z5|] v2 , (3.74)
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Table 3.10: The CP quantum numbers of the neutral scalars with Z6 = 0. Case (iv):
s13 = Im(Z5 e
−2iθ23) = Z1 −A2/v2 − Re(Z5 e−2iθ23) = 0.
CP Eigenstates Re(Z7 e
−iθ23) = Im(Z7 e−iθ23) =
Re(ρQeiθ23) = 0 Im(ρQeiθ23) = 0
c12h1 + s12h2 +1 +1
−s12h1 + c12h2 −1 +1
h3 +1 −1
Table 3.11: The CP quantum numbers of the neutral scalars with Z6 = 0. Case (v):
c12 = Im(Z5 e
−2iθ23) = Z1 −A2/v2 = 0.
CP Eigenstates Re(Z7 e
−iθ23) = Im(Z7 e−iθ23) =
Re(ρQeiθ23) = 0 Im(ρQeiθ23) = 0
h1 −1 +1
c13h2 − s13h3 +1 +1
s13h1 + c13h3 +1 −1
Table 3.12: The CP quantum numbers of the neutral scalars with Z6 = 0. Case (vi):
s12 = Im(Z5 e
−2iθ23) = Z1 −A2/v2 = 0.
CP Eigenstates Re(Z7 e
−iθ23) = Im(Z7 e−iθ23) =
Re(ρQeiθ23) = 0 Im(ρQeiθ23) = 0
c13h1 + s13h3 +1 +1
h2 −1 +1
−s13h1 + c13h3 +1 −1
and one of the CP-even field has mass
m2H0 = Y2 +
1
2 [Z3 + Z4 + ε57|Z5|] v2 . (3.75)
as in eqs. (3.63) and (3.64). The mass of the other CP-even field is always one of the
degenerate fields can be expressed in all three cases as follows:
m2h0 = Z1v
2 . (3.76)
(We have not imposed m2h0 < m
2
H0). Note that eqs. (3.74), (3.75) and (3.76) hold for all
six cases (i)–(vi). The neutral scalar field with mass m2h0 = Z1v
2 has exact Standard
Model couplings. As in the previous section, if Z7 = 0, ε57 can be replaced by ε5Q.
3.2.3 Special Case: The CP-Conserving Limit when Z6 = 0 and Z7 = 0
In this section, we consider a 2HDM with Y3 = Z6 = Z7 = 0.
12 For the
moment, let us also assume that ρQ = 0.
12Technically, since the potential minimum conditions require Y3 = −
1
2
Z6v
2, explicitly setting Y3 = 0
is redundant.
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This model is automatically CP conserving (since one can choose Z5 to be real
and positive without loss of generality). Normally, in a CP-invariant 2HDM, starting
from a real Higgs basis one can get to any possible generic real basis with an O(2)
transformation. However, in the model under study here, there exists a particular U(2)
transformation that is not an O(2) transformation, which has the effect of changing the
sign of Z5. This corresponds to redefining the second Higgs field by multiplication by i,
ie,
H2 → iH2 . (3.77)
The relevant U(2) matrix is diag(1, i). In Appendix A of [60], the possible definitions of
time reversal invariance are discussed. In particular, it was argued that the definition of
T is unique if the possible transformations from the real Higgs basis to any real generic
basis is O(2). It was shown that T was not unique if the latter transformation group was
O(2)⊗D where D is a nontrivial discrete group. Applying this to the model where Y3 =
Z6 = Z7 = 0, we identify the relevant group as O(2)⊗Z2, where Z2 is the discrete group
consisting of the identity and the transformation that changes the sign of Z5. Thus, we
conclude that for the Y3 = Z6 = Z7 = 0 model, there are two inequivalent definitions
of T, or equivalently two definitions of CP (since the model is CPT invariant). These
two symmetries correspond to the two possible transformations defined in eq. (3.10),
where the plus sign applies to Im(Z6e
−iθ¯23) = Im(Z7e−iθ¯23) = Im[ρQeiθ¯23 ] = 0 and the
negative sign to Re(Z6e
−iθ¯23) = Re(Z7e−iθ¯23) = Re[ρQeiθ¯23 ] = 0.
In this model, the Higgs/gauge boson interactions are insufficient to identify
the CP-odd field. We know from the results of the previous section that one of the
neutral scalars has couplings exactly identical to the Standard Model Higgs, with m2h0 =
Z1v
2. We also know that the two remaining neutral fields have opposite CP. However,
since ρQ = 0 the interactions cannot distinguish which one is CP-even and which one is
CP-odd; the two inequivalent CP symmetries are both conserved.
Now let us suppose ρQ 6= 0. In section 3.2.1, we showed how to identify the
CP-odd field based on the value of ε5Q. Thus, a non-zero value of ρ
Q has the effect of
picking out the definition of CP that is respected by the Yukawa interactions. In fact, a
non-zero value of any one of Z6, Z7 or ρ
Q identifies the respected CP symmetry; if any
two are non-zero, CP violation arises unless the relative phases obey eq. (3.28).
3.3 The Custodial Limit of the 2HDM
The subject of custodial symmetry in the 2HDM doublet model has been
addressed by Pomarol and Vega [108], in the context of two cases which they label
“case I” and “case II,” not to be confused with the two cases of CP-conservation defined
in equations (3.3) and (3.4), to which they have no correlation. We reproduce some of
their work here in order to clarify the significance of their two cases. Specifically, we
show in this section that the only difference between their “case I” and “case II” lies
in the conditions they impose on the vevs of the scalar fields, which is not a physically
measurable distinction.
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First we will ignore the coupling of the Higgs doublets to fermions and just
consider the scalar potential. To replicate “case I” of [108], we construct two 2 × 2
matrices whose columns are made up of the Higgs doublet fields in the generic basis:
M1 ≡ (Φ˜1 ,Φ1), M2 ≡ (Φ˜2 ,Φ2), (3.78)
where Φ˜ ≡ iσ2Φ∗. These matrices transform as
Mi → L Mi R† (3.79)
under global SU(2)L×SU(2)R transformations. In order that a custodial SU(2)V sym-
metry be preserved after electroweak symmetry breaking, < Mi > must be proportional
to the identity matrix:
< Mi >=
1√
2
(
v∗i 0
0 vi
)
∝ 1 ⇒ v∗i = vi, . (3.80)
Since L = R,
< Mi >→ L < Mi > R† = vi√
2
LR† =< Mi > . (3.81)
Note that
Tr[M †iMj] = Tr
[(
Φ0i −Φ+i
Φ−i Φ
0∗
i
)(
Φ0∗j Φ
+
j
−Φ−j Φ0j
)]
= Φ†iΦj +Φ
†
jΦi. (3.82)
Thus,
Tr[M †1M1] = 2Φ
†
1Φ1
Tr[M †2M2] = 2Φ
†
2Φ2
Tr[M †1M2] = Φ
†
2Φ1 + h.c. (3.83)
Using the expressions in eq. (3.83) to construct a SU(2)L × SU(2)R symmetric scalar
potential, we reproduce the following result of [108]:
V = 12m211Tr[M †1M1] + 12m222Tr[M †2M2]−m212Tr[M †1M2] +
1
4
λ1
(
Tr[M †1M1]
)2
+
1
4
λ2
(
Tr[M †2M2]
)2
+ 14λ3Tr[M
†
1M1]Tr[M
†
2M2] +
1
2λ
(
Tr[M †1M2]
)2
+14
(
λ6Tr[M
†
1M1] + λ7Tr[M
†
2M2]
)
Tr[M †1M2]. (3.84)
Comparing eq. (3.84) to the most general form of the scalar potential in eq. (A.1), we
find that custodial symmetry imposes the following restrictions on the coefficients of
the scalar potential:
m∗12 = m12 , λ
∗
5,6,7 = λ5,6,7 , λ = λ4 = λ5 . (3.85)
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Let us now convert from the generic basis to the Higgs basis. Plugging Φa = H1v̂a +
H2v̂
∗¯
b
ǫba into eq. (3.83) yields
Tr[M †1M1] = 2
(
|v̂1|2H†1H1 + |v̂2|2H†2H2 − v̂1v̂2H†2H1 − v̂∗1 v̂∗2H†1H2
)
Tr[M †2M2] = 2
(
|v̂2|2H†1H1 + |v̂1|2H†2H2 + v̂1v̂2H†2H1 + v̂∗1 v̂∗2H†1H2
)
Tr[M †1M2] = v̂
∗
2 v̂1H
†
1H1 − v̂1v̂∗2H†2H2 +
(
v̂21H
†
2H1 − v̂∗
2
2 H
†
1H2 + h.c.
)
. (3.86)
Subsituting equations (3.86) into eq. (3.84) and grouping like terms yields the following:
V = Y1H†1H1 + Y2H†2H2 + [Y3H†1H2 + h.c.]
+12Z1(H
†
1H1)
2 + 12Z2(H
†
2H2)
2 + Z3(H
†
1H1)(H
†
2H2) + Z4(H
†
1H2)(H
†
2H1)
+
{
1
2Z5(H
†
1H2)
2 +
[
Z6(H
†
1H1) + Z7(H
†
2H2)
]
H†1H2 + h.c.
}
, (3.87)
where
Y1 = m
2
1|v̂1|2 +m22|v̂2|2 −m212 (v̂∗2 v̂1 + c.c.) ,
Y2 = m
2
1|v̂2|2 +m22|v̂1|2 +m212 (v̂∗2 v̂1 + c.c.) ,
Y3 = m
2
12(v̂
∗2
2 − v̂∗21 ) + v̂∗2 v̂∗1(m22 −m21) ,
Z1 = 2
(
λ1|v̂1|4 + λ2|v̂2|4 + λ3|v̂1|2|v̂2|2
)
+ λ (v̂∗2 v̂1 + c.c.)
2
+(λ6|v̂1|2 + λ7|v̂2|2) (v̂∗2 v̂1 + c.c.) ,
Z2 = 2
(
λ1|v̂2|4 + λ2|v̂1|4 + λ3|v̂1|2|v̂2|2
)
+ λ (v̂∗2 v̂1 + c.c.)
2
−(λ6|v̂2|2 + λ7|v̂1|2) (v̂∗2 v̂1 + c.c.) ,
Z3 = 2(λ1 + λ2)|v̂1|2|v̂2|2 + λ3(|v̂1|4 + |v̂2|4)− λ (v̂∗2 v̂1 + c.c.)2
+12(λ6 − λ7) (v̂∗2 v̂1 + c.c.)
(|v̂2|2 − |v̂1|2) ,
Z4 = 2(λ1 + λ2 − λ3)|v̂1|2|v̂2|2 + λ|v̂1 − v̂2|2|v̂1 + v̂2|2
+12(λ6 − λ7)
[
v̂2v̂1
(
v̂∗22 − v̂∗21
)
+ c.c.
]
,
Z5 = 2(λ1 + λ2 − λ3)(v̂∗2 v̂∗1)2 + λ(v̂∗21 − v̂∗22 )2 + (λ6 − λ7)v̂∗2 v̂∗1(v̂∗22 − v̂∗21 ) ,
Z6 =
[
λ2|v̂2|2 − λ1|v̂1|2 + λ3(|v̂1|2 − |v̂2|2)
]
v̂∗1 v̂
∗
2 + λ (v̂
∗
2 v̂1 + c.c.) (v̂
∗2
1 − v̂∗22 )
+12
(
λ6|v̂1|2 + λ7|v̂2|2
)
(v̂∗21 − v̂∗22 ) + 12 (λ7 − λ6) v̂∗1 v̂∗2 (v̂∗2 v̂1 + c.c.) ,
Z7 =
[
λ2|v̂1|2 − λ1|v̂2|2 + λ3(|v̂2|2 − |v̂1|2)
]
v̂∗1 v̂
∗
2 − λ (v̂∗2 v̂1 + c.c.) (v̂∗21 − v̂∗22 )
+12
(
λ6|v̂2|2 + λ7|v̂1|2
)
(v̂∗21 − v̂∗22 )− 12 (λ7 − λ6) v̂∗1 v̂∗2 (v̂∗2 v̂1 + c.c.) . (3.88)
At this point, only Y1, Y2, Z1, Z2, Z3, and Z4 are manifestly real. Now, however,
we can apply the custodial symmetry condition from eq. (3.81), and use the fact that
all of the m2 and λ parameters are real. Then we find
Y3, Z6, Z7 ∈ R ,
Z4 = Z5 = 2(λ1 + λ2 − λ3)v̂21 v̂22 + λ(v̂21 − v̂22)2 + (λ6 − λ7)v̂2v̂1(v̂22 − v̂21) ∈ R .
(3.89)
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Since we now have a Lagrangian written in terms of “real basis” parameters, one can
say that the condition for custodial invariance of the scalar potential is
Z4 = Z5 in the real basis. (3.90)
To check that we do not expect any additional relations among the Z param-
eters, we can compare the number of degrees of freedom in eq. (3.88) and eq. (3.84). In
the most general CP-violating 2HDM, one starts with 6 real and 4 complex parameters
in the scalar potential, plus v. From these 15 degrees of freedom, 3 are removed by
applying the scalar minimum conditions and one corresponds to an overall phase, which
is not physically significant. From these 11 physical degrees of freedom, the conditions
of CP conservation [eq. (3.1)] remove three, but there is no longer an overall phase to
subtract, so there are 9 independent degrees of freedom. The condition of custodial
symmetry removes an additional degree of freedom, leaving eight for the custodially-
symmetric potential in eqs. (3.84) and (3.88).
We will now replicate “case II” of Pomarol and Vega and show that it produces
exactly the same condition on the parameters of the Lagrangian as eq. (3.90). The
alternative to the matrices in eq. (3.78) is the following:
M21 ≡ (Φ˜2 ,Φ1) , (3.91)
which transforms as
M21 → L M21 R† , (3.92)
under SU(2)L×SU(2)R. Preserving a custodial SU(2)V symmetry after EWSB requires
that the vev of M21 be proportional to the identity matrix:
< M21 >=
1√
2
(
v∗2 0
0 v1
)
∝ 1⇒ v∗1 = v2 , (3.93)
since for L = R,
< M21 >→ L < M21 > R† = v2√
2
LR† =< M21 > . (3.94)
From this matrix we construct the following:
Tr[M †21M21] = Tr
[(
Φ02 −Φ+2
Φ−1 Φ
0∗
1
)(
Φ0∗2 Φ
+
1
−Φ−2 Φ01
)]
= Φ†1Φ1 +Φ
†
2Φ2 ,
det[M †21] = det
(
Φ02 −Φ+2
Φ−1 Φ
0∗
1
)
= Φ†1Φ2 ,
det[M †21M21] = det
[(
Φ02 −Φ+2
Φ−1 Φ
0∗
1
)(
Φ0∗2 Φ
+
1
−Φ−2 Φ01
)]
= (Φ†1Φ2)(Φ
†
2Φ1) . (3.95)
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With the expressions in eq. (3.95), one constructs the following SU(2)L ×
SU(2)R symmetric scalar potential, again replicating the results in [108]:
V = m2Tr[M †21M21]−
(
m212 det[M21] + h.c.
)
+ λTr[M †21M21]
2 + λ4 det[M
†
21M21]
+12
(
λ5 det[M
†
21]
2 + λ′ det[M †21]Tr[M
†
21M21] + h.c.
)
. (3.96)
Hermiticity implies m2, λ, λ4 ∈ R. As before, we convert to the Higgs basis:
Tr[M †21M21] = H
†
1H1 +H
†
2H2
det[M †21] = v̂
∗
1 v̂2
(
H†1H1 −H†2H2
)
− v̂22H†2H1 + v̂∗21 H†1H2
det[M †21M21] =
[
−v̂22 v̂21(H†2H1)2 + (|v̂1|2 − |v̂2|2)v̂∗1 v̂∗2
(
H†1H1 −H†2H2
)
H†1H2 + h.c.
]
+|v̂2|2|v̂1|2
(
H†1H1 −H†2H2
)2
+
(|v̂1|4 + |v̂2|4)H†1H2H†2H1 . (3.97)
Subsituting equations (3.97) into eq. (3.96), we again achieve eq. (3.87), but now with
different coefficients:
Y1 = m
2 −m212v̂∗1 v̂2 −m∗212v̂1v̂∗2 ,
Y2 = m
2 +m212v̂1v̂
∗
2 +m
∗2
12v̂
∗
1 v̂2 ,
Y3 = −m212v̂∗21 + v̂∗22 m∗212 ,
Z1 = 2λ+ 2λ4|v̂1|2|v̂2|2 +
[
λ5(v̂
∗
1 v̂2)
2 + λ′v̂∗1 v̂2 + c.c.
]
,
Z2 = 2λ+ 2λ4|v̂1|2|v̂2|2 +
[
λ5(v̂
∗
1 v̂2)
2 − λ′v̂∗1 v̂2 + c.c.
]
,
Z3 = 2λ− 2λ4|v̂1|2|v̂2|2 −
[
λ5(v̂
∗
1 v̂2)
2 + c.c.
]
,
Z4 = λ4
(|v̂1|4 + |v̂2|4)− [λ5(v̂∗1 v̂2)2 + c.c.] ,
Z5 = −2λ4v̂21 v̂22 +
[
λ5v̂
∗4
1 + λ
∗
5v̂
∗4
2
]
,
Z6 = λ4(|v̂1|2 − |v̂2|2)v̂∗2 v̂∗1 +
(
λ5v̂
∗3
1 v̂2 − λ∗5v̂∗32 v̂1 + λ′v̂∗21 − λ′∗v̂∗22
)
,
Z7 = λ4(|v̂2|2 − |v̂1|2)v̂∗2 v̂∗1 +
(−λ5v̂∗31 v̂2 + λ∗5v̂∗32 v̂1 + λ′v̂∗21 − λ′∗v̂∗22 ) . (3.98)
As usual, Y1, Y2, Z1, Z2, Z3, and Z4 are manifestly real. Applying eq. (3.93)
and the fact that m2, λ4 and λ are real, we find that in the custodial limit,
iY3, iZ6, iZ7 ∈ R ,
Z4 = −Z5 = 2λ4|v̂1|4 − λ5v̂42 − λ∗5v̂41 ∈ R . (3.99)
Again we expect no further relations, since we have reduced the number of independent
degrees of freedom in eq. (3.98) to 8, the same as in eq. (3.97). Since the phase of
H2 is not physically meaningful, we are free to transform H2 → iH2, which leads to
(Y3, Z6, Z7) → −i(Y3, Z6, Z7) and Z5 → −Z5, putting all of the parameters in the
real basis. Furthermore, since the sign of Z5 reverses, one can now make the statement
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that the condition for custodial invariance is “Z4 = Z5 in the real basis,”
13 as in the
previous case. This transformation has no effect on the vevs < Φi >, as one can see
from eq. (2.11).
Thus, we conclude that it is not possible to distinguish physically between these
two “cases” of custodial symmetry–the only difference between them is the condition
imposed on the vevs. The relationship between the vevs depends on the choice of basis,
and thus cannot be physically measurable.14
3.3.1 The Basis-Independent Condition for Custodial Symmetry in
the Scalar Sector
It is possible generalize the two implementations of custodial symmetry pre-
sented in the previous section by constructing a SU(2)L × SU(2)R invariant scalar
potential using Higgs basis fields, which avoids having to impose conditions on the vevs.
For the purposes of this section, we will take all scalar couplings to be in the real basis,
so that
Yi ∈ R, Zi ∈ R ∀ i . (3.100)
This requirement removes the freedom to redefine the phase of H2 except by an overall
sign (which would not change the results presented here). Let us define15
M1 ≡ (H˜1 ,H1), M2 ≡ (e−iθ23H˜2 , eiθ23H2) , (3.101)
where the transformation under a global SU(2)L × SU(2)R is defined as usual:
Mi → L Mi R† . (3.102)
In section 3.3 we explicitly required that < Mi > be proportional to the identity matrix
so that the custodial symmetry is preserved after EWSB. Here, since we are writing the
fields in the Higgs basis, we do not have impose any specific conditions on the vevs, since
< Mi > are automatically proportional to the unit matrix. Now the SU(2)L × SU(2)R
13This statement is meaningful only if the sign of Z5 in the real basis is a physical observable. If
either Z6 6= 0 or Z7 6= 0, the operation H2 → ±iH2 transforms the couplings out of the real basis
while changing the sign of Z5, (as noted above). Hence in this case the sign of Z5 in the real basis is
meaningful. If Z6 = Z7 = 0, then H2 → ±iH2 changes the sign of Z5 while preserving the real basis. In
this case the sign of Z5 is not a meaningful and custodial symmetry implies that Z4 = |Z5| in the real
basis.
14In ref. [67], it was shown that for custodial symmetry in the quark-scalar sector of specialized
versions of the 2HDM, the two ways to implement custodial symmetry can be distinguished based on
the presence of the A0GG effective interactions in the E ≫ mW limit. However, in their discussion,
constraints on the Yukawa couplings effectively select a “preferred” basis.
15In the special case of Z6 = 0, c13 = 0, and Im[Z5 e
2i(θ12−θ23)] = 0, eq. (3.101) applies with the
substitution θ23 → θ23 − θ12. In other mass-degenerate cases that we have treated here, in principle a
different combination of mixing angles would play the role of θ23.
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invariant potential can be written as follows:
V = 12Y1Tr[M†1M1] + 12Y2Tr[M†2M2] + Y3e−iθ23Tr[M†1M2] +
1
8
Z1
(
Tr[M†1M1]
)2
+
1
8
Z2
(
Tr[M†2M2]
)2
+ 14Z3Tr[M
†
1M1]Tr[M
†
2M2] +
1
2λ
(
Tr[M†1M2]
)2
+12
(
Z6e
−iθ23Tr[M†1M1] + Z7e
−iθ23Tr[M†2M2]
)
Tr[M†1M2] , (3.103)
where the coefficients have been adjusted to anticipate comparison with the standard
form of the scalar potential. Eq. (3.103) is equivalent to
V = Y1H†1H1 + Y2H2†H2 + [Y3H†1H2 + h.c.]
+12Z1(H
†
1H1)
2 + 12Z2(H2
†H2)2 + Z3(H
†
1H1)(H2
†H2) + Z4(H
†
1H2)(H2
†H1)
+
{
1
2Z5(H
†
1H2)
2 +
[
Z6(H
†
1H1) + Z7(H2
†H2)
]
H†1H2 + h.c.
}
, (3.104)
with the condition
Z4 = Z5e
−2iθ23 , Im(Z6e−iθ23) = 0 , Im(Z7 e−iθ23) = 0 . (3.105)
Note that Im[Z5e
−2iθ23 ] = 0 since Z4 is manifestly real. Eq. (3.104) is consistent with
the results derived previously in a specific basis. One can rewrite eq. (3.105) so that θ23
does appear explicitly. Custodial symmetry requires that Z5Z
∗2
6 , Z5Z
∗2
7 , and Z5(ρ
Q)2
be real-valued, so eq. (3.105) is equivalent to
Z4 = ±ε56|Z5| ifZ6 6= 0 ,
Z4 = ±ε57|Z5| ifZ6 = 0 , Z7 6= 0 ,
Z4 = ±ε5Q|Z5| ifZ6 = Z7 = 0 , ρQ 6= 0 , (3.106)
where the positive sign corresponds to Im(Z6e
−iθ23) = Im(Z7 e−iθ23) = Im(ρQeiθ23) = 0
and the negative sign to Re(Z6e
−iθ23) = Re(Z7 e−iθ23) = Re(ρQeiθ23) = 0. If Z6 = Z7 =
ρQ = 0, eq. (3.105) has two solutions, which in the real basis can be written
Z4 = ±|Z5| , (3.107)
reflecting the two possible definitions of CP symmetry which arise in this case. Since
both CP symmetries are conserved, the condition in eq. (3.107) is indeterminate.
3.3.2 Degeneracy in the Custodial Limit
Finally, one important consequence of custodial symmetry in the Higgs sector
is that the charged Higgs boson is always degenerate with one of the neutral Higgs fields.
Since the custodial limit is CP-conserving, we can write the following expressions for
the CP-odd mass from eq. (3.58):
m2A0 = Y2 +
1
2 [Z3 + Z4 − Re(Z5 e−2iθ23)]v2 ,
for Im(Z6e
−iθ23) = Im(Z7 e−iθ23) = Im(ρQeiθ23) = 0 . (3.108)
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Note that this is the only possible value of m2A0 since the condition for custodial sym-
metry in eq. (3.105) eliminates the possibility that eq. (3.59) is correct (as long as either
Z6 or Z7 is non-zero). Thus, the condition Z4 = Re(Z5 e
−2iθ23) of eq. (3.106) implies a
degeneracy between the CP-odd Higgs and the charged Higgs, ie,
m2A0 = m
2
H± = Y2 +
1
2Z3v
2 . (3.109)
This observation agrees with that of [108]. However, in the case of Z6 = Z7 = 0, there
is another possibility for the mass of the CP-odd field from eq. (3.59),
m2A0 = Y2 +
1
2 [Z3 + Z4 +Re(Z5 e
−2iθ23)]v2 for Re(ρQeiθ23) = 0 . (3.110)
This unique case arises because ρQeiθ23 can be either imaginary or real, unlike Z6,7e
−iθ23
which must be real for the scalar potential to be custodially symmetric. (As we will
see in section 3.3.4, imposing custodial symmetry on the Higgs-Quark sector does not
require ρQeiθ23 to be real.) In this case it is the CP-even field H0 that is degenerate
with the charged Higgs boson:
m2H0 = m
2
H± = Y2 +
1
2Z3v
2 . (3.111)
These two possibilities for degeneracy arise from the two possible definitions of CP
mentioned in section 3.2.3. This phenomenon of a degenerate charged Higgs boson and
CP-even Higgs boson was described for the case Z6 = Z7 = 0 in [46], in the context
of a “twisted” custodial symmetry. In fact, this scenario can be analyzed without the
authors’ “twisting” formalism, as we have seen here. Finally, we consider the case
Z6 = Z7 = ρ
Q = 0. With nothing to select out one of the two possible definitions of CP,
it cannot be determined whether it is the CP-even or CP-odd neutral Higgs boson that is
degenerate. We emphasize, in contrast to the authors of [46], that these two possbilities
in eqs. (3.109) and (3.111) arise as a result of the two inequivalent definitions of the
CP transformation, which exist (independently of the custodial limit) at the special
point of parameter space where Z6 = Z7 = ρ
Q = 0. This is the only case in which the
mass-degeneracy mH± = mH0 corresponds to a custodial symmetry.
3.3.3 Basis-Dependent Formulations of Custodial Symmetry in the
Higgs-Quark Sector
Let us now extend the two ways to impose SU(2)L × SU(2)R invariance dis-
cussed in the previous section to the Higgs-Quark sector. As before, in the final analysis
these two cases defined by Pomarol and Vega will be related by basis-transformations,
and do not represent the most general way of implementing the symmetry. In Pomarol
and Vega’s “case I,” equation (2.75) becomes
−LY = η1QL M1
( UR
DR
)
+ η2QL M2
( UR
DR
)
+ h.c. , (3.112)
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with Mi defined in eq. (3.78). This Lagrangian is manifestly invariant under SU(2)L ×
SU(2)R given the transformations
Mi → LMiR† ,( UR
DR
)
→ R
( UR
DR
)
,
QL → QLL† . (3.113)
Comparing with eq. (2.75), one finds the conditions
ηU1 = η
D†
1 , η
U
2 = η
D†
2 . (3.114)
With this constraint, the parameters κQ and ρQ defined in eq. (2.78) become
κU = v∗1η
U
1 + v
∗
2η
U
2 , κ
D† = v1ηU1 + v2η
U
2 ,
ρU = −v2ηU1 + v1ηU2 , ρD† = −v∗2ηU1 + v∗1ηU2 . (3.115)
Since the vi are real in this case [equation (3.81)], we find κ
U = κD†, or simply MU =
MD. Similarly, ρ
D† = ρU . The parameters ρQ are not quite basis-independent, since
they pick up a factor of det(U) under a U(2) transformation. However, from the previous
section, we know that we are in the real basis. Thus, one state unambiguous conditions
for custodial symmetry in the Yukawa sector:
MU =MD, ρ
U = ρD† in the real basis. (3.116)
Let us now do the same for Pomarol and Vega’s “case II.” We construct
−LY = η21QL M21
( UR
DR
)
+ η12QL M12
( UR
DR
)
+ h.c. , (3.117)
with M21 defined in eq. (3.91), and a similar matrix defined as
M12 ≡ Φ˜∗1Φ2 . (3.118)
This Lagrangian is invariant under SU(2)L × SU(2)R given
M12 → LM12R† ,
M21 → LM21R† . (3.119)
Comparing eq. (3.117) with eq. (2.75), one finds the conditions
ηU1 = η
D†
2 , η
U
2 = η
D†
1 . (3.120)
Substituting equations (3.120) and (3.93) into eq. (2.78) yields
κU = v∗1η
U
1 + v
∗
2η
U
2 , κ
D† = v∗2η
U
2 + v
∗
1η
U
1 ,
ρU = −v2ηU1 + v1ηU2 , ρD† = v2ηU1 − v1ηU2 . (3.121)
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Thus, one again finds MU = MD. We also have ρ
D† = −ρU . From the previous
section, we know that to express these quantities in the real basis, we need to make the
transformation H2 → iH2, which is equivalent to
ρU → iρU , ρD† → −iρD†. (3.122)
Thus, the conditions for custodial invariance of the Yukawa sector are given by eq. (3.116),
as in the previous case.
3.3.4 The Basis-Independent Custodially-Symmetric Higgs-Quark La-
grangian
Now we will determine, in analogy to the previous section, the form of the
SU(2)L×SU(2)R-invariant Higgs-Quark Lagrangian, assuming that the fields and scalar
couplings are in the real basis. Let us rewrite eq. (2.77) as follows:
−LY = QL(H˜1κU + H˜2ρU )UR +QL(H1κD † +H2ρD †)DR + h.c. . (3.123)
Then the desired lagrangian is of the form
−LY = κQL M1
( UR
DR
)
+ ρQL M2
( UR
DR
)
+ h.c. , (3.124)
with M1 ≡ H˜1 H1 and M2 ≡ (e−iθ23H˜2 , eiθ23H2) as in eq. (3.101). Comparing to
eq. (3.123), one finds that the condition for invariance under SU(2)L × SU(2)R is
κU = κD†, e−iθ23ρU = eiθ23ρD† . (3.125)
Again, one can recover Pomarol and Vega’s two cases by choosing to constrain
the vevs of the Higgs fields. However, if there is no special symmetry imposed on the
Yukawa sector (as we are assuming here), then there is nothing to select a “preferred”
basis. There are an infinite number of unphysical basis choices which can be made, but
one can always write down unambiguous conditions either by going to real basis, or by
using invariant combinations as we have done in this section.
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Chapter 4
Phenomenology of the 2HDM
4.1 The Oblique Parameters S, T and U
The parameters S, T, and U are independent UV-finite combinations of radia-
tive corrections to gauge boson vacuum polarization diagrams (aka “oblique” correc-
tions). T is related to the parameter ρ by ρ − 1 = αT . They are calculated from the
transverse part of the gauge boson two-point function:
S ≡ −16πcW
sW g2
d
dq2
ΠW 3B(q
2)|q2=0 (4.1)
αT ≡ 1
m2W
[ΠW 1W 1(0) −ΠW 3W 3(0)] , (4.2)
U ≡ 16π
g2
d
dq2
[
ΠW 1W 1(q
2)−ΠW 3W 3(q2)
] |q2=0 . (4.3)
Here, Πij(q
2) is defined by
iΠµνij = ig
µνΠij(q
2) + (qµqν terms) . (4.4)
Some care must be taken as this differs from the convention of [8, 103, 104], and others,
who pull out factors of g2, etc.
The “linear expansion approximation” is often used in the literature, which
extracts the dependence of the functions on q2, as in refs. [103] and [104]:
Πij(q
2) = Aij(0) + q
2Fij(q
2) . (4.5)
For the case that the scale of the new physics is much greater than mZ , one can take the
momentum scale q2 to be of order m2Z , and define the oblique parameters as follows [64]:
g2
16π
S ≡ c2W
[
FZZ(m
2
Z)− Fγγ(m2Z) +
(
2s2W − 1
sW cW
)
FZγ(m
2
Z)
]
, (4.6)
αT ≡ AWW (0)
m2W
− AZZ(0)
m2Z
(4.7)
g2
16π
(S + U) ≡ FWW (m2W )− Fγγ(m2W )−
cW
sW
FZγ(m
2
W ) . (4.8)
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The combination S +U rather than U has been taken for calculational simplicity. S, T
and U are defined relative to the Standard Model, so that extending the Higgs sector
has the effect of shifting the parameters away from zero.1 Thus, in the calculations that
follow, contributions from Standard Model processes have been subtracted out. The
Higgs mass used in this “reference” Standard Model (mφ) will be left arbitrary for the
moment.
The result for S is calculated in Appendix E.1 and found to be:
S =
1
πm2Z
[
q2k1B22(m2Z ;m2Z ,m2k)− B22(m2Z ;m2Z ,m2φ)−m2Zq2k1B0(m2Z ;m2Z ,m2k)
+m2ZB0(m2Z ;m2Z ,m2φ) + q211B22(m2Z ;m22,m23) + q221B22(m2Z ;m21,m23)
+q231B22(m2Z ;m21,m22)− B22(m2Z ;m2H± ,m2H±)
]
. (4.9)
Here mH± represents the mass of the charged Higgs H
±, as usual, and mk the masses
of the neutral Higgs hk (k = 1, 2, 3). Repeated indices are summed over. The notation
B22 and B0 was introduced in [64]:
B22(q2;m21,m22) ≡ B22(q2;m21,m22)−B22(0;m21,m22) , (4.10)
B0(q2;m21,m22) ≡ B0(q2;m21,m22)−B0(0;m21,m22) . (4.11)
The functions B22 and B0 are defined in ref. [101] and come from the evaluation of
two-point integrals. They can be evaluated using the following formulae of ref. [64]:
B22(q
2;m21,m
2
2) =
1
4
(∆ + 1)[m21 +m
2
2 −
1
3
q2]− 12
∫ 1
0
dxX ln(X − iǫ) ,
B0(q
2;m21,m
2
2) = ∆−
∫ 1
0
dx ln(X − iǫ) ,
A0(m
2) = m2(∆ + 1− lnm2) , (4.12)
where X ≡ m21x +m22(1 − x) − q2x(1 − x) and ∆ ≡ 24−d + ln(4π) − γ, in d space-time
dimensions.
The calculation of T and S+U is also undertaken in the Appendix. The result
1Contributions to the oblique parameters from the Higgs-fermion Yukawa couplings will not be
included here, since they arise from diagrams of order two-loops and higher.
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is (summing over repeated indices)
T =
1
16πm2W s
2
W
{|qk2|2F (m2H± ,m2k)− q221F (m21,m23)− q211F (m22,m23)
−q231F (m21,m22) + q2k1[F (m2W ,m2k)− F (m2Z ,m2k)] + 4m2WB0(0;m2W ,m2φ)
−4m2ZB0(0;m2Z ,m2φ)− 4q2k1[m2WB0(0;m2W ,m2k)−m2ZB0(0;m2Z ,m2k)]
+F (m2Z ,m
2
φ)− F (m2W ,m2φ)
}
,
S + U =
1
πm2W
[
−q2k1m2WB0(m2W ;m2W ,m2k) +m2WB0(m2W ;m2W ,m2φ)
−B22(m2W ;m2W ,m2φ).+ q2k1B22(m2W ;m2W ,m2k)
+|qk2|2B22(m2W ;m2H± ,m2k)− 2B22(m2W ;m2H± ,m2H±)
]
, (4.13)
where
F (m21,m
2
2) ≡ 12(m21 +m22)−
m21m
2
2
m21 −m22
ln
(
m21
m22
)
. (4.14)
One can check that
F (m2,m2) = 0 . (4.15)
This calculation T has been exhibited in a basis-dependent formalism in [51]Grimus:2008nb,
and the result is consistent with eq. (4.13).
4.1.1 The Parameter T and the Custodial Limit
The result for T is exhibited in a different form in [108], to emphasize which
terms in T arise from the breaking of the custodial symmetry and which arise from the
non-custodially-invariant terms in the scalar potential. In the custodial limit, g′ → 0
and mZ = mW . The terms resulting from the gauging of hypercharge, which vanish in
this limit, may be rewritten so that they are proportional to g′2:
αT =
g′2
64π2
3∑
k=1
q2k1
m2W −m2Z
{
F (m2k,m
2
Z)− F (m2k,m2W ) + F (m2φ,m2W )− F (m2φ,m2Z)
+4[m2ZB0(0;m
2
Z ,m
2
φ)−m2WB0(0;m2W ,m2φ)]
+4[m2WB0(0;m
2
W ,m
2
k)−m2ZB0(0;m2Z ,m2k)]
}
+
g2
64π2m2W
[
3∑
k=1
|qk2|2F (m2k,m2H±)− q211F (m22,m23)− q221F (m21,m23)
−q231F (m22,m21)
]
, (4.16)
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where α ≡ e24π . Let us now focus on the terms proportional to g2 in eq. (4.16). One can
verify that
3∑
k=1
|qk2|2F (m2k,m2H±)− q211F (m22,m23)− q221F (m21,m23)− q231F (m22,m21) = 0 ,
[custodial limit] (4.17)
due to the degeneracy between one of the neutral fields and the charged Higgs boson.
For example, in CP Case I [see Table 3.1], the term displayed in eq. (4.17) is proportional
to
s212F (m
2
1,m
2
H±) + c
2
12F (m
2
2,m
2
H±) + F (m
2
3,m
2
H±)− c212F (m22,m23)− s212F (m21,m23) .
(4.18)
Due to the degeneracy between the charged Higgs boson and the CP-odd field m3,
F (m23,m
2
H±) = 0 and the rest of the terms cancel. One may check the other cases of CP
symmetry in a similar manner. In the special case of Z6 = Z7 = 0, the charged Higgs
may be degenerate with a CP-even field rather than the CP-odd field. One can verify
for the six cases of CP symmetry (i)–(vi) that eq. (4.17) vanishes when m2H± = m
2
H0 .
[For example, in case (i), this term is proportional to F (m2H0 ,m
2
H±) + F (m
2
A0 ,m
2
H±)−
F (m2H0 ,m
2
A0) = 0.] Thus, the only non-zero contribution to αT arises from the breaking
of custodial symmetry [the first part of eq. (4.16)].
4.1.2 S, T , and U in the CP-Conserving Limit
The expressions for S, T , and U in the CP-conserving limit can be calculated
using Tables 3.1- 3.3. Note that Case II has been divided into two subcases based on the
mass ordering of the neutral scalars, Case IIa (mh0 < mA0) and Case IIb (mh0 > mA0).
Plugging in the values of the qkℓ parameters from the tables into equations (4.9) and
(4.13), one reproduces the results of ref. [64] (the reference mass mφ has been fixed to
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be mh0) :
S =
1
πm2Z
{
sin2(β − α)B22(m2Z ;m2H0 ,m2A0) + cos2(β − α)
[B22(m2Z ;m2h0 ,m2A0)
+B22(m2Z ;m2Z ,m2H0)− B22(m2Z ;m2Z ,m2h0)−m2ZB0(m2Z ;m2Z ,m2H0)
+m2ZB0(m2Z ;m2Z ,m2h0)
]− B22(m2Z ;m2H± ,m2H±)},
T =
1
16πs2Wm
2
W
{
F (m2H± ,m
2
A0) + sin
2(β − α)[F (m2H± ,m2H0)− F (m2A0 ,m2H0)]
+ cos2(β − α)[F (m2H± ,m2h0)− F (m2A0 ,m2h0) + F (m2W ,m2H0)− F (m2W ,m2h0)
−F (m2Z ,m2H0) + F (m2Z ,m2h0) + 4m2ZB0(0;m2Z ,m2H0)
−4m2ZB0(0;m2Z ,m2h0)− 4m2WB0(0;m2W ,m2H0) + 4m2WB0(0;m2W ,m2h0)]
}
,
S + U =
1
πm2W
{
B22(m2Z ;m2H± ,m2A0)− 2B22(m2Z ;m2H± ,m2H±)
+ sin2(β − α)B22(m2W ;m2H± ,m2H0) + cos2(β − α)[B22(m2W ;m2h0 ,m2H±)
+B22(m2W ;m2W ,m2H0)− B22(m2W ;m2W ,m2h0)
+m2WB0(m2W ;m2W ,m2h0)−m2WB0(m2W ;m2W ,m2H0)]
}
(4.19)
The angle β−α is defined in eq. (3.38). Note that these expressions hold for both cases
of CP conservation defined in section 3.1.1.
4.2 Numerical Analysis
The experimental determinations of S, T and U are as follows [6]:
S = −0.10 ± .10,
T = −0.08 ± .11,
U = 0.15 ± .11, (4.20)
for the value of the Standard Model Higgs mass mφ = 117 GeV. The values in eq. (4.20)
have the Standard Model contributions subtracted out, so that they reflect the deviation
from the SM prediction.
Fixing U = 0, as required by some models, changes the experimental limits on
S and T slightly due to correlations between the parameters. The relevant constraints
in the U = 0 scenario for mφ = 117 GeV are shown in ref. [6] to be consistent with no
deviation from the Standard Model:
S = −0.04± .09, T = 0.02 ± .09 (4.21)
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For mφ = 300 GeV, the corresponding values are
S = −0.07± .09, T = 0.09 ± .09 (4.22)
These limits indicate that new physics contributions to the oblique parameters are
tightly constrained. Their significance for the parameters of the 2HDM is the subject
of this section.
The parameters of the 2HDM which are constrained by S, T , and U can be
taken to be Z1, Z3, Z3+Z4, Z5 e
−2iθ23 , Z6 e−iθ23 and Y2, since these 6 quantities deter-
mine the physical Higgs masses [see eqs. (2.41) and (2.23)] and the invariant functions
qkℓ [see Appendix C]. At this point, it will be assumed that the lightest neutral Higgs
mass (m1) will be interpreted as the reference mass mφ.
The procedure used here to study the effect of the 2HDM on the oblique
parameters was to choose random values of the six parameters in the space allowed by
the unitarity bounds calculated in Appendix F, subject to the additional requirement
that m1 falls within 15 GeV of 117 GeV, since mφ was taken to be 117 GeV in the PDG
analysis. Then the Higgs masses and qkℓ are calculated numerically and inserted into
eq. (4.9) and eq. (4.13) to obtain S, T , and U for each point in parameter space.
It was found that the 2HDM consistently produces values of U within .02 of
zero. This fact has important ramifications for comparison with experiment, since the
limits in eq. (4.21) must be used to constrain S and T , rather than the generic limits in
eq. (4.20). Scanning the parameter space and comparing with the allowed “ellipse” in
S − T space produces the results shown in Fig. 4.1. From the scatterplot it is evident
that the values of S produced are greater than indicated by the central value of −.04,
although the discrepancy is not statistically significant. Since the values of T cover a
broad range, the experimental value of T is easily accomodated.
Meanwhile, the interplay between the constraints from perturbative unitarity
and the experimental limits on the oblique parameters is illustrated in Figs. 4.2(a) and
(b), which display S and T as a function of the charged Higgs mass mH± . In these
plots, we have fixed Y2 = m
2
W so that mH± is limited by the unitarity bound on Z3.
(Recall that m2H± = Y2 +
1
2Z3v
2.) The remaining parameters, shown below, are chosen
such that m1 = 117 GeV, to facilitate comparison with eq. (4.21):
Z1 = 0.31 , Z3 + Z4 = 24,
Re(Z6 e
−iθ23) = 0.1 , Im(Z6 e−iθ23) = −1.0,
Re(Z5 e
−2iθ23) = −1.0 , Im(Z5 e−2iθ23) = 1.0. (4.23)
Fixing the quantity Z3+Z4, rather than Z4 alone, ensures that m1 (and thus mφ) does
not vary as Z3 is increased. This simplifies the task of using the experimental limits
in eq. (4.21). The sharp minimum in Fig. 4.2(b) results from the fact that corrections
to T are minimized when the difference between the charged Higgs and heavy neutral
Higgs masses is small. This effect will be exhibited in more detail in section 4.2.1.
The values for the Zi in eq. (4.23) and our choice of Y2 = (80.4 GeV)
2 generate
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Figure 4.1: Scatterplots for T as a function of S, with m1 = 117± 15 GeV. The ellipse,
representing the 2 σ contour, is adapted from [6]. The second plot shows a close-up of
the allowed region.
the following masses for the Higgs particles:
m1 = 117 GeV ,
m2 = 831 GeV ,
m3 = 882 GeV . (4.24)
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Figure 4.2: S and T shown as a function of mH± (solid line), with Y2 fixed to be
m2W . The mass scale is in GeV. The unitarity bound (dashed line) applies to Z3; all
other parameters were picked so as to undersaturate unitarity. The 1σ and 2σ contours
(shaded regions) are obtained from eq. (4.21).
The charged Higgs mass can be at most 875 GeV for Y2 = m
2
W , based on the unitarity
limit Z3 ≤ 8π.
This numerical analysis shows that the current experimental limits on the
oblique parameters are consistent with contributions to new physics from a second
Higgs doublet over a large region of the 2HDM parameter space. However, experimental
bounds on the S, T , and U parameters do impose some non-trivial constraints. Our
results also suggest that the 2HDM favors a slightly positive value of S and a value of
U within .02 of zero, which is consistent with present data within the statistical error.
The 2HDM produces a broad range of values for T , which overlap completely with the
experimental 2 σ bounds. Finally, we have shown that taken together, the bounds on
S, T , and U and the unitarity limits act synergistically to restrict much the 2HDM
parameter space.
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4.2.1 Splitting Between Neutral and Charged Higgs Masses
One can consider the case where the neutral masses m1, m2, and m3 are light,
and the charged Higgs mass heavier (mH± > m3). For a given choice of Z3, the size of
the splitting ∆m ≡ mH± −m3 is maximized when the other Zi are small. As we will
see in this section, the measured value of T puts a limit on ∆m. The following values
for the Zi have been chosen to maximize ∆m, while preserving our requirement that
m1 ≈ 117 GeV at Y2 = m2W :
Z1 = 0.25 , Re(Z6 e
−iθ23) = 0.01,
Z3 + Z4 = .26 , Im(Z6 e
−iθ23) = 0.01,
Re(Z5 e
−2iθ23) = 0.01 , Im(Z5 e−2iθ23) = 0.01. (4.25)
With the parameters fixed as in eq. (4.25), the size of the splitting (controlled by Z3)
can easily become large; for example, ∆m = 400 GeV at Z3 = 9. However, one can now
impose constraints from the oblique parameters. Using the values of the Zi in eq. (4.25),
S and T as functions of ∆m are shown in Figs. 4.3(a) and (b), respectively.
In these plots, as in the previous section, the experimental limits are taken
from eq. (4.21), since U ≈ 0. The graph of T shows that the mass of the charged
Higgs can at most be roughly 100 GeV greater than m3 and still be consistent with the
experimental limits, which corresponds to the value Z3 = 1.5.
4.3 Measuring tan(β)
In sections 2.5 and 2.6, we have written out the entire interaction Lagrangian
for the Higgs bosons of the 2HDM. Yet, the famous parameter tan β, given by tan β ≡
v2/v1 in a generic basis [see eq. (2.3)], does not appear in any physical Higgs (or Gold-
stone) boson coupling. This is rather surprising given the large literature of 2HDM
phenomenology in which the parameter tan β is ubiquitous. For example, numerous
methods have been proposed for measuring tan β at future colliders [42, 81, 15, 62, 19,
36, 31, 84]. In a generic basis, one can also define the relative phase of the two vacuum
expectation values, ξ = arg (v2v
∗
1). However, neither tan β nor ξ are basis-independent.
One can remove ξ by rephasing one of the two Higgs doublet fields, and both ξ and
tan β can be removed entirely by transforming to the Higgs basis. Thus, in a general
2HDM, tan β is an unphysical parameter with no significance a priori.
The true significance of tan β emerges only in specialized versions of the 2HDM,
where tan β is promoted to a physical parameter. As noted in section 2.6, the general
2HDM generally predicts FCNCs in conflict with experimental data. One way to avoid
this phenomenological problem is to constrain the theoretical structure of the 2HDM.
Such constraints often pick out a preferred basis. Relative to that basis, tan β is then a
meaningful parameter.
The most common 2HDM constraint is the requirement that some of the Higgs-
fermion Yukawa couplings vanish in a “preferred” basis. This leads to the well known
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Figure 4.3: S and T shown as a function of the mass splitting between the charged
Higgs and the heaviest neutral Higgs. The mass scale is in GeV. The central values
(dashed lines) and the 1σ and 2σ contours (shaded regions) are obtained from eq. (4.21).
Splitting of more than 100 GeV is disfavored by the constraints from T .
type-I and type-II 2HDMs [69] (henceforth called 2HDM-I and 2HDM-II). In the 2HDM-
I, there exists a preferred basis where ηU2 = η
D
2 = 0 [63, 69]. In the 2HDM-II, there
exists a preferred basis where ηU1 = η
D
2 = 0 [37, 69]. These conditions can be enforced
by a suitable symmetry. For example, the MSSM possesses a type-II Higgs-fermion
interaction, in which case the supersymmetry guarantees that ηU1 = η
D
2 = 0. In non-
supersymmetric models, appropriate discrete symmetries can be found to enforce the
type-I or type-II Higgs-fermion couplings.2
The conditions for type-I and type-II Higgs-fermion interactions given above
are basis-dependent. But, there is also a basis-independent criterion that was first given
2These discrete symmetries also imply that some of the coefficients of the scalar potential must also
vanish in the same preferred basis [63, 37, 69, 87].
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in ref. [34]:3
ǫa¯b¯η
D
a η
U
b = ǫabη
D †
a¯ η
U †
b¯
= 0 , type-I , (4.26)
δab¯ η
D †
a¯ η
U
b = 0 , type-II . (4.27)
We can now prove that tan β is a physical parameter in the 2HDM-II (a similar
analysis holds for the 2HDM-I4). In the preferred basis where ηU1 = η
D
2 = 0, we shall
denote: v̂ = eiη(cos β , sin β eiξ) and ŵ = e−iη(− sin βe−iξ , cos β). Evaluating κQ =
v̂∗ · ηQ and ρQ = ŵ∗ · ηQ in the preferred basis, and recalling that the κQ are diagonal
real matrices, it follows that:
I e−i(ξ+2η) tan β = −ρD †(κD)−1 = (ρU )−1κU , (4.28)
where I is the identity matrix in quark flavor space and κQ =
√
2MQ/v [see eqs. (1.23)
and (1.24)]. These two definitions are consistent if κDκU + ρD †ρU = 0 is satisfied.
But the latter is equivalent to the type-II condition [which can be verified by inserting
eq. (2.79) into eq. (4.27)].
To understand the phase factor that appears in eq. (4.28), we note that only
unitary matrices of the form U = diag(eiχ1 , eiχ2) that span a U(1)×U(1) subgroup of
the flavor-U(2) group preserve the the type-II conditions ηU1 = η
D
2 = 0 in the preferred
basis. Under transformations of this type, η → η + χ1 and ξ → ξ + χ2 − χ1. Using
eq. (2.80), it follows that ρQ → ei(χ1+χ2)ρQ . Hence ρQe−i(ξ+2η) is invariant with
respect to such U(1)×U(1) transformations. We conclude that eq. (4.28) is covariant
with respect to transformations that preserve the type-II condition.
The conditions specified in eq. (4.28) are quite restrictive. In particular, they
determine the matrices ρQ:
ρDe−i(ξ+2η) =
−√2MD tan β
v
, ρUe−i(ξ+2η) =
√
2MU cot β
v
. (4.29)
Up to an overall phase, ρU and ρD are real diagonal matrices with non-negative en-
tries. There is also some interesting information in the phase factors of eq. (4.29).
Although the ρQ are pseudo-invariants, we have noted below eq. (2.83) that eiθ23ρQ is
U(2)-invariant. This means that the phase factor e−i(θ23+ξ+2η) is a physical parameter.
Moreover, we can now define tan β as a physical parameter of the 2HDM-II as follows:
tan β =
v
3
√
2
∣∣Tr (ρDM−1D )∣∣ , (4.30)
where 0 ≤ β ≤ π/2. This is a manifestly basis-independent definition, so tan β is indeed
physical.
3In this paper, we have slightly modified our definition of the Yukawa coupling. What is called ηD
in ref. [34] is called ηD † here.
4Eq. (4.26) involves pseudo-invariant quantities. Nevertheless, setting these quantities to zero yields
a U(2)-invariant condition.
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In Higgs studies at future colliders, suppose one encounters phenomena that
appear consistent with a 2HDM. It may not be readily apparent that there is any
particular structure in the Higgs-fermion interactions. In particular, it could be that
eq. (4.28) is simply false. Here we present a model-independent version of the tan β
parameter. For simplicity, we assume that the Yukawa couplings of the Higgs bosons to
the third generation fermions dominate, in which case we can ignore the effects of the
first two generations.5 In a one-generation model, one can introduce three tan β-like
parameters
tan βb ≡ v√
2
|ρD|
mb
, tan βt ≡
√
2
v
mt
|ρU | , tan βτ ≡
v√
2
|ρE |
mτ
, (4.31)
where tan βτ is analogous to tan βd and depends on the third generation Higgs-lepton
interaction. In a type-II model, one indeed has tan βb = tan βt = tan βτ = tan β. In
the more general (type-III) 2HDM, there is no reason for the three parameters above
to coincide. However, these three parameters are indeed U(2)-invariant quantities, and
thus correspond to physical observables that can be measured in the laboratory. The
interpretation of these parameters is straightforward. In the Higgs basis, up and down-
type quarks interact with both Higgs doublets. But, clearly there exists some basis
(i.e., a rotation by an angle βt from the Higgs basis) for which only one of the two
up-type quark Yukawa couplings is non-vanishing. This defines the physical angle βt.
The interpretation of the other two angles is similar.
Since the phase of eiθ23ρQ is a physical parameter, one can generalize eq. (4.31)
by defining
ei(θ23−χb) tan βb ≡ v√
2
ρD ∗
mb
, ei(θ23−χt) tan βt ≡
√
2
v
mt
ρU
, (4.32)
and similarly for tan βτ . Thus, in addition to three tan β-like parameters, there are
three independent physical phases χb, χt and χτ that could in principle be deduced from
experiment. Of course, in the 2HDM-II, one must have βb = βt = βτ and χb = χt = χτ .
A similar analysis can be presented for the case of the 2HDM-I. In this case,
one is led to define slightly different tan β-like physical parameters. But, these would
be related to those defined in eq. (4.31) in a simple way. A particular choice could
be motivated if one has evidence that that either the type-I or type-II conditions are
approximately satisfied.
We conclude this section by illustrating the utility of this approach in the
case of the MSSM. This example has already been presented in ref. [34] in the case of
a CP-conserving Higgs sector. We briefly explain how that analysis is generalized in
the case of a CP-violating Higgs sector. The MSSM Higgs sector is a CP-conserving
type-II 2HDM in the limit of exact supersymmetry. However, when supersymmetry
breaking effects are taken into account, loop corrections to the Higgs potential and the
Higgs-fermion interactions can lead to both CP-violating effects in the Higgs sector,
5This is probably not a bad assumption, since κQ is proportional to the quark mass matrix MQ.
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and the (radiative) generation of the Higgs-fermion Yukawa couplings that are absent
in the type-II limit. In particular, in the approximation that supersymmetric masses
are significantly larger than mZ , the effective Lagrangian that describes the coupling of
the Higgs bosons to the third generation quarks is given (in the notation of [26]) by
−Leff = (hb+δhb)(qLΦ1)bR+(ht+δht)(qLΦ˜2)tR+∆hb (qLΦ2)bR+∆ht (qLΦ˜1)tR+h.c. ,
(4.33)
where qL ≡ (uL , dL). Note that the terms proportional to ∆hb and ∆ht, which are ab-
sent in the tree-level MSSM, are generated at one-loop due to supersymmetry-breaking
effects Thus, we identify ηD = ((hb + δhb)
∗ , ∆h∗b) and η
U = (∆ht , ht + δht). The
tree-level MSSM is CP-conserving, and ξ = 0 in the supersymmetric basis. At one-loop,
CP-violating effects can shift ξ away from zero, and we shall denote this quantity by
∆ξ.6 Evaluating κQ = v̂∗ · ηQ and ρQ = ŵ∗ · ηQ as we did above eq. (4.28),
eiηκD = cβ(hb + δhb)
∗ + e−i∆ξsβ(∆hb)∗ ,
e−iηρD = −ei∆ξsβ(hb + δhb)∗ + cβ(∆hb)∗,
eiηκU = cβ∆ht + e
−i∆ξsβ(ht + δht) ,
e−iηρU = −ei∆ξsβ∆ht + cβ(ht + δht) . (4.34)
By definition, the κQ are real and non-negative, and related to the top and bottom
quark masses via eqs. (1.23) and (1.24). Thus, the tree-level relations between mb, mt
and hb, ht respectively are modified [105, 32, 27, 68, 72]:
7
mb =
vκD√
2
=
vcβhb√
2
[
1 + Re
(
δhb
hb
+
∆hb
hb
ei∆ξ tan β
)]
≡ vcβhb√
2
[1 + Re(∆b)] , (4.35)
mt =
vκU√
2
=
vsβht√
2
[
1 + Re
(
δht
ht
+
∆ht
ht
ei∆ξ cot β
)]
≡ vsβht√
2
[1 + Re(∆t)] , (4.36)
which define the complex quantities ∆b and ∆t.
8Eq. (4.32) then yields:
tan βb =
∣∣∣∣−e−i∆ξsβ(hb + δhb) + cβ∆hbcβ(hb + δhb) + ei∆ξsβ∆hb
∣∣∣∣ , χb = θ23 + ψb + η , (4.37)
tan βt =
∣∣∣∣ cβ∆ht + e−i∆ξsβ(ht + δht)−∆htsβei∆ξ + cβ(ht + δht)
∣∣∣∣ , χt = θ23 + ψt + η , (4.38)
6In practice, one would rephase the fields after computing the radiative corrections. But, since we
are advocating basis-independent methods in this paper, there is no need for us to do this.
7If one of the Higgs fields is rephased in order to remove the phase ∆ξ, then one simultaneously
rephases ∆hb,t such that the quantities ∆hb,te
i∆ξ are invariant with respect to the rephasing. In
particular, hb and ht are not rephased, since these tree-level quantities are always real and positive and
proportional to the tree-level values of mb and mt, respectively.
8In deriving eqs. (4.35) and (4.36), we computed κQ = |κQ| by expanding up to linear order in the
one-loop quantities ∆hb,t and δhb,t. Explicit expressions for ∆b and ∆t in terms of supersymmetric
masses and parameters, and references to the original literature can be found in ref. [26].
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where ψt,b ≡ arg(e−iηρU,D). Expanding the numerators and denominators above and
dropping terms of quadratic order in the one-loop quantities, we end up with
tan βb =
tan β
1 + Re∆b
[
1 +
1
s2β
Re
(
δhb
hb
− c2β∆b
)]
, (4.39)
cot βt =
cot β
1 + Re∆t
[
1 + Re
(
∆t − 1
cβsβ
∆ht
ht
ei∆ξ
)]
. (4.40)
We have chosen to write tan βb/ tan β in terms of ∆b and δhb/hb, and cot βt/ cot β
in terms of ∆t and ∆ht/ht in order to emphasize the large tan β behavior of the devia-
tions of these quantities from one. In particular, keeping only the leading tan β-enhanced
corrections, eqs. (4.35) and (4.36) imply that9
∆b ≃ ei∆ξ ∆hb
hb
tan β , ∆t ≃ δht
ht
. (4.41)
That is, the complex quantity ∆b is tan β-enhanced. In typical models at large tan β,
the quantity |∆b| can be of order 0.1 or larger and of either sign. Thus, keeping only
the one-loop corrections that are tan β-enhanced,10
tan βb ≃ tan β
1 + Re∆b
, cot βt ≃ cot β
[
1− tan β Re
(
∆ht
ht
ei∆ξ
)]
. (4.42)
Thus, we have expressed the basis-independent quantities tan βb and tan βt in terms of
parameters that appear in the natural basis of the MSSM Higgs sector. Indeed, we find
that tan βb 6= tan βt as a consequence of supersymmetry-breaking loop-effects.
9Because the one-loop corrections δhb, ∆hb, δht and ∆ht depend only on Yukawa and gauge couplings
and the supersymmetric particle masses, they contain no hidden tanβ enhancements or suppressions [25].
10In ref. [34] the one-loop tan β-enhanced correction to cot βt was incorrectly omitted.
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Chapter 5
Conclusion
The basis-independent formalism will allow multiple Higgs bosons to be inter-
preted in experiments before the underlying dynamics (MSSM, etc.) are understood.
Once the physical observables (ρQ, scalar masses, etc.) are measured, they can then
be related to physical parameters such as the tan β-like parameters to identify whether
the scalars are consistent with a specific model, such as supersymmetric model. At this
point, we have a complete theoretical description of the scalar, boson, and Yukawa sec-
tors of the basis-independent 2HDM in both the CP-conserving and CP-violating cases.
We have defined a mass matrix for neutral Higgs particles in terms of basis-independent
scalar couplings [Y2, Z1, Z3 ,Z4, Z5e
−2iθ23 , and Z6e−iθ23 .] Since Z7 does not appear in
the mass matrix, it is possible to have CP violation in the scalar sector of the theory
(arising from Z7 terms) even in the absence of mixing betweeen CP-even and CP-odd
Higgs eigenstates. When the physical Higgs bosons are CP eigenstates (regardless of
whether CP violation appears in the Lagrangian), there exist three ways to implement
the mixing of the neutral Higgs particles, which we have called cases I, IIa, and IIb.
These cases, which can be physically distinguished based on the invariant Z5e
−2iθ23 ,
correspond to different orderings of the neutral Higgs fields in the mass matrix. We
have also described the mixing angles in the special cases of Z6 = 0 and Z6 = Z7 = 0.
For Z6 = 0, we find that barring degeneracy in the neutral scalars, the mass matrix
breaks up into 1× 1 and 2× 2 blocks, as it does in the CP-conserving cases. However,
the neutral scalars may still have indefinite CP quantum numbers, since CP violation
may arise from the interactions involving Z7. For Z6 = 0 there are three cases that can
be distinguished, labeled cases (i),(ii) and (iii) in this document, which can again be
related to the different patterns of mass ordering. For completeness, we also describe
the situations in which Z6 = 0 and the neutral scalars are doubly degenerate. In spe-
cial case of Z6 = Z7 = 0, we find that there are two physically distinguishable cases
corresponding to different definitions of a time reversal (T) transformation.
The decoupling limit and the custodial limit have been developed in this basis-
independent formalism, and the phenomenology of the oblique parameters and tan β-like
parameters have been defined in such a way as to be physically measurable without im-
posing symmetries or other assumptions on the scalar sector. The oblique parameters of
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the CP-violating 2HDM were analyzed numerically and found to be consistent with the
experimental values within statistical error when plausible values of the scalar couplings
were postulated (based on unitary limits). However, since our analysis shows that the
2HDM favors specific ranges for S and U , it may be possible to rule out the model in
the future if experimental limits change. (Our analysis suggests that the 2HDM can
accommodate equally well both positive and negative values of T , so that parameter is
unlikely to falsify the model.) We also made use of the oblique parameters to constrain
the mass difference between the neutral Higgs bosons and the charged Higgs boson.
Other phenomenological impications of the 2HDM, such as FCNCs, remain open to
further research.
73
Appendix A
The 2HDM scalar potential in a generic
basis
Let Φ1 and Φ2 denote two complex hypercharge-one, SU(2)L doublets of scalar
fields. The most general gauge-invariant scalar potential is given by
V = m211Φ†1Φ1 +m222Φ†2Φ2 − [m212Φ†1Φ2 + h.c.]
+12λ1(Φ
†
1Φ1)
2 + 12λ2(Φ
†
2Φ2)
2 + λ3(Φ
†
1Φ1)(Φ
†
2Φ2) + λ4(Φ
†
1Φ2)(Φ
†
2Φ1)
+
{
1
2λ5(Φ
†
1Φ2)
2 +
[
λ6(Φ
†
1Φ1) + λ7(Φ
†
2Φ2)
]
Φ†1Φ2 + h.c.
}
, (A.1)
where m211, m
2
22, and λ1, · · · , λ4 are real parameters. In general, m212, λ5, λ6 and λ7 are
complex. The form of eq. (A.1) holds for any generic choice of Φ1–Φ2 basis, whereas
the coefficients m2ij and λi are basis-dependent quantities. Matching eq. (A.1) to the
U(2)-covariant form of eq. (2.2), we identify:
Y11 = m
2
11 , Y12 = Y
∗
21 = −m212 , Y22 = m222 , (A.2)
and
Z1111 = λ1 , Z2222 = λ2 ,
Z1122 = Z2211 = λ3 , Z1221 = Z2112 = λ4 ,
Z1212 = λ5 , Z2121 = λ
∗
5 ,
Z1112 = Z1211 = λ6 , Z1121 = Z2111 = λ
∗
6 ,
Z2212 = Z1222 = λ7 , Z2221 = Z2122 = λ
∗
7 . (A.3)
Explicit formulae for the coefficients of the Higgs basis scalar potential in terms of the
corresponding coefficients of eq. (A.1) in a generic basis can be found in ref. [34].
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Appendix B
The neutral Higgs boson squared-mass
matrix in a generic basis
Starting from eq. (2.2), one can obtain the neutral Higgs squared-mass matrix
from the quadratic part of the scalar potential:
Vmass = 1
2
(
Φ0a Φ
0 †
b¯
)
M
2
(
Φ0 †c¯
Φ0d
)
. (B.1)
Thus, M 2 is given by the following matrix of second derivatives:
M
2 =

∂2V
∂Φ0a∂Φ
0 †
c¯
∂2V
∂Φ0a∂Φ
0
d
∂2V
∂Φ0 †
b¯
∂Φ0 †c¯
∂2V
∂Φ0 †
b¯
∂Φ0d

Φ0a=va
, (B.2)
where va ≡ vv̂a/
√
2 and v̂∗a¯v̂a = 1. With V given by eq. (2.2), one finds:
M
2 =
 (Yac¯)∗ + 12v2
[
(Zac¯f e¯ + Zfc¯ae¯) v̂ev̂
∗¯
f
]∗ 1
4v
2(Zea¯fd¯ + Zed¯fa¯)v̂
∗
e¯ v̂
∗¯
f
1
4v
2(Zbe¯cf¯ + Zce¯bf¯ )v̂ev̂f Ybd¯ +
1
2v
2(Zef¯bd¯ + Zed¯bf¯ )v̂
∗
e¯ v̂f
 .
(B.3)
In deriving this result, we used the hermiticity properties of Y and Z to rewrite the upper
left hand block so that the indices appear in the standard order for matrix multiplication
in eq. (B.1). In addition, we employed:
∂Φ0e
∂Φ0a
= δea¯ ,
∂Φ0 †
f¯
∂Φ0 †
b¯
= δbf¯ . (B.4)
It is convenient to express the squared-mass matrix in terms of (pseudo)-
invariants. To do this, we note that we can expand an hermitian second-ranked tensor
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[which satisfies Aab¯ = (Aba¯)
∗] in terms of the eigenvectors of Vab¯ ≡ v̂av̂∗¯b :
Aab¯ = Tr(V A)Vab¯ +Tr(WA)Wab¯ +
[
(v̂∗c¯ ŵdAcd¯)v̂aŵ
∗¯
b + (ŵ
∗
c¯ v̂dAcd¯)ŵav̂
∗¯
b
]
, (B.5)
where Wab¯ ≡ ŵaŵ∗¯b = δab¯ − Vab¯. Likewise, we can expand a second-ranked symmetric
tensor with two unbarred (or two barred indices), e.g.,
Aab = (v̂
∗
c¯ v̂
∗¯
dAcd)v̂av̂b + (ŵ
∗
c¯ ŵ
∗¯
dAcd)ŵaŵb + (v̂
∗
c¯ ŵ
∗¯
dAcd)(v̂aŵb + ŵav̂b) . (B.6)
We can therefore rewrite the upper and lower right hand 2×2 blocks of the squared-mass
matrix [eq. (B.3)] respectively as:
[M 2]a¯d¯ =
1
2v
2
[
Z1v
∗
a¯v
∗¯
d + Z5w
∗
a¯w
∗¯
d + Z6(v̂
∗
a¯ŵ
∗¯
d + ŵ
∗
a¯v̂
∗¯
d)
]
, (B.7)
[M 2]bd¯ = (Y1 + Z1v
2)Vbd¯ + [Y2 +
1
2(Z3 + Z4)v
2]Wbd¯
+[(Y3 + Z6v
2)v̂bŵ
∗¯
d + (Y
∗
3 + Z
∗
6v
2)ŵbv̂
∗¯
d] . (B.8)
The upper and lower left hand blocks are then given by the hermitian adjoints of the
lower and upper right hand blocks, respectively. Note that eq. (B.8) can be simpli-
fied further by eliminating Y1 and Y3 using the scalar potential minimum conditions
[eq. (2.21)].
Let us apply this result to the Higgs bases, where v̂ = (1 , 0) and ŵ = (0 , 1).
After imposing the scalar potential minimum conditions,
M
2 =
1
2
v2

Z1 Z
∗
6 Z1 Z6
Z6 Z3 + Z4 + 2Y2/v
2 Z6 Z5
Z1 Z
∗
6 Z1 Z6
Z∗6 Z
∗
5 Z
∗
6 Z3 + Z4 + 2Y2/v
2
 . (B.9)
The massless Goldstone boson eigenvector
G0 =
−i√
2

1
0
−1
0
 , (B.10)
can be determined by inspection [the normalization factor is chosen for consistency
with eq. (2.22)]. Thus, we can perform a (unitary) similarity transformation on M 2 to
remove the Goldstone boson from the neutral Higgs squared-mass matrix. Explicitly,
with the unitary matrix
V =
1√
2

1 0 0 −i
0 1 −i 0
1 0 0 i
0 1 i 0
 , (B.11)
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it follows from eq. (B.9) that:
V †M 2V =
( M 0
0 0
)
, (B.12)
whereM is the 3×3 neutral Higgs squared-mass matrix in the ϕ01–ϕ02–a0 basis obtained
in eq. (2.24).
We diagonalizeM as described in section 2.4. The corresponding diagonaliza-
tion of M 2 is given by:
DM 2D† ≡
(
R 0
0 1
)
V †M 2V
(
RT 0
0 1
)
=
( MD 0
0 0
)
, (B.13)
where MD = diag (m21 , m22 , m23) and mk is the mass of the neutral Higgs mass-
eigenstate hk. The diagonalizing matrix D is given by:
D ≡
(
R 0
0 1
)
V † =
1√
2

d11 d12 d
∗
11 d
∗
12
d21 d22 d
∗
21 d
∗
22
d31 d32 d
∗
31 d
∗
32
d41 d42 d
∗
41 d
∗
42
 , (B.14)
where
d11 = c13c12 , d21 = c13s12 , d31 = s13 , d41 = i ,
d12 = −s123e−iθ23 , d22 = c123e−iθ23 , d32 = ic13e−iθ23 , d42 = 0 , (B.15)
with the cij and sij defined in eq. (2.28) and
c123 ≡ c12 − is12s13 , s123 ≡ s12 + ic12s13 . (B.16)
Note that D is a unitary matrix and detD = 1. Unitarity implies that:
Re (dk1d
∗
ℓ1 + dk2d
∗
ℓ2) = δkℓ , (B.17)
1
2
4∑
k=1
|dk1|2 = 12
4∑
k=1
|dk2|2 = 1 ,
4∑
k=1
d 2k2 =
4∑
k=1
dk1dk2 = 0 . (B.18)
Noting that d41 = i and d42 = 0 [and using eq. (B.22)], these equations reduce to
eqs. (2.36) and (2.37) given in section 2.4. In addition, det D = −idetRW = 1, where
RW is given in eq. (2.33). This yields an additional constraint on the dkℓ [c.f. eq. (2.35)].
The matrix D converts the neutral Higgs basis fields into the neutral Higgs
mass-eigenstates: 
h1
h2
h3
G0
 = D

H0 †1
H0 †2
H01
H02
 , (B.19)
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where H01 ≡ H01 − v/
√
2.
The mass-eigenstate fields do not depend on the choice of basis. Using the
fact that H1 is invariant and H2 is pseudo-invariant with respect to flavor-U(2) trans-
formations, eq. (B.19) implies that the dk1 are invariants whereas the dk2 are pseudo-
invariants with the same transformation law as H2 [eq. (2.20)]. One can also check
this directly from eq. (B.13), using the fact that the physical Higgs masses must be
basis-independent. These results then imply that θ12 and θ13 are invariant whereas
eiθ23 is a pseudo-invariant, i.e., eiθ23 → (detU)−1eiθ23 under an arbitrary flavor-U(2)
transformation U .
Finally, using the results of this appendix, we can eliminate the Higgs basis
fields entirely and obtain the diagonalizing matrix that converts the neutral Higgs fields
in the generic basis into the neutral Higgs mass-eigenstates:
h1
h2
h3
G0
 = D
(
Φ0 †
b¯
Û †ba¯
Ûab¯Φ
0
b
)
, (B.20)
where Φ0a ≡ Φ0a− vv̂a/
√
2 and Û is the matrix that converts the generic basis fields into
the Higgs basis fields [see eq. (2.10)]. Eq. (B.20) then yields:
hk =
1√
2
[
Φ0 †a¯ (dk1v̂a + dk2ŵa) + (d
∗
k1v̂
∗
a¯ + d
∗
k2ŵ
∗
a¯)Φ
0
a
]
, (B.21)
where h4 ≡ G0. Note that the U(2)-invariance of the hk imply that the dk1 are invariants
and the dk2 are pseudo-invariants that transform oppositely to ŵ as dk2 → (detU)dk2
in agreement with the previous results above. Indeed, it is useful to define:
dk1 ≡ qk1 , and dk2 ≡ qk2e−iθ23 , (B.22)
where all the qkℓ are U(2)-invariant [see eq. (2.39)]. In particular, ŵae
−iθ23 is a proper
vector with respect to flavor-U(2) transformations. Hence,
hk =
1√
2
[
Φ0 †a¯ (qk1v̂a + qk2ŵae
−iθ23) + (q∗k1v̂
∗
a¯ + q
∗
k2ŵ
∗
a¯e
iθ23)Φ0a
]
, (B.23)
provides an invariant expression for the neutral Higgs mass-eigenstates.
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Appendix C
Explicit formulae for the neutral Higgs
masses and mixing angles
To obtain expressions for the neutral Higgs masses and mixing angles, we insert
eq. (2.47) into eq. (2.2), and expand out the resulting expression, keeping only terms
that are linear and quadratic in the fields. Using eqs. (2.17) and (2.18), one can express
the resulting expression in terms of the invariants (Y1, Y2 and Z1,2,3,4) and pseudo-
invariants (Y3, Z5,6,7). The terms linear in the fields vanish if the potential minimum
conditions [eq. (2.21)] are satisfied. We then eliminate Y1 and Y3 from the expressions
of the quadratic terms. The result is:
V2 = H+H−(Y2 + v
2Z3
2
) +
v2
2
hjhk
{
Z1Re(qj1)Re(qk1) + [
Z3 + Z4
2
+ Y2/v
2]Re(qj2q
∗
k2)
+12Re(Z5qj2qk2 e
−2iθ23) + Re(qj1)Re(Z6qk2 e−iθ23) + Re(qk1)Re(Z6qj2 e−iθ23)
}
= m2H±H
+H− + 12
∑
k
m2k(hk)
2 + 12v
2
∑
j 6=k
Cjkhjhk . (C.1)
In eq. (C.1), there is an implicit sum over j, k = 1, . . . , 4 (with h4 ≡ G0), where the Ckj
are given by1
C23c12 − C13s12 = s13Re(Z6 e−iθ23)− 12c13 Im(Z5 e−2iθ23) , (C.2)
C23s12 +C13c12 =
1
2(Z1 −A2/v2) sin 2θ13 − cos 2θ13 Im(Z6 e−iθ23) , (C.3)
C12 = c12s12
[
c212(Z1 −A)− Re(Z5 e−2iθ23) + 2s12c12Im(Z6 e−iθ23)
]
(c212 − s212)
[
1
2s13Im(Z5 e
−2iθ23) + c13Re(Z6 e−iθ23)
]
. (C.4)
1For convenience we provide linear combinations of C23 and C13, but the explicit forms can be
obtained by a trivial calculation.
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However, since q41 = i and q42 = 0, it is clear that there are no terms in
eq. (C.1) involving G0. Hence, we may restrict the sum to run over j, k = 1, 2, 3. The
charged Higgs mass obtained above confirms the result quoted in eq. (2.23). The neutral
Higgs boson masses are given by:
m2k = |qk2|2A2 + v2
[
q2k1Z1 +Re(qk2)Re(qk2Z5 e
−2iθ23) + 2qk1Re(qk2Z6 e−iθ23)
]
, (C.5)
where A2 is defined in eq. (2.42). It is often convenient to assume that m1 ≤ m2 ≤ m3.
Note that the right-hand side of eq. (C.5) is manifestly U(2)-invariant. More-
over, by using eqs. (2.36) and (2.37), one finds that the sum of the three neutral Higgs
boson squared-masses is given by
Tr M =
∑
k
m2k = 2Y2 + (Z1 + Z3 + Z4)v
2 , (C.6)
as expected. A more explicit form for the neutral Higgs squared-masses than the one
obtained in eq. (C.5) would require the solution of the cubic characteristic equation
[eq. (2.25)]. Although an analytic solution can be found, it is too complicated to be of
much use (a numerical evaluation is more practical).
For the neutral scalar states hi to correspond to physical mass-eigenstates, the
coefficients Cjk of eqs. (C.2), (C.3) and (C.4) must vanish. Since Cjk is symmetric under
the interchange of its indices, the conditions Cjk = 0 yield three independent equations
that determine the two mixing angles θ12 and θ13 and an invariant combination of θ23
and the phase of Z6 (or Z5). These three invariant angles are defined modulo π once
a definite convention is established for the signs of neutral Higgs mass-eigenstate fields
(as discussed at the end of section 2.4). Unique solutions for the invariant angles within
this domain are obtained after a mass ordering for the three neutral Higgs bosons is
specified (except at certain singular points of the 2HDM parameter space as noted in
footnote 8).
To determine explicit formulae for the invariant angles, we shall initially assume
that Z6 ≡ |Z6|eiθ6 6= 0 and define the invariant angles φ and θ56:
φ ≡ θ6 − θ23 ,
θ56 ≡ θ5 − θ6 ,
where
{
θ6 ≡ argZ6 ,
θ5 ≡ 12 argZ5 .
(C.7)
The factor of 1/2 in the definition of θ5 has been inserted for convenience. As discussed in
section 2.4, we can fix the conventions for the overall signs of the hk fields by restricting
the domain of θ12, θ13 and φ to the region:
−π/2 ≤ θ12 , θ13 < π/2 , 0 ≤ φ < π . (C.8)
Setting C13 = C23 = 0 in eqs. (C.2) and (C.3) yields:
tan θ13 =
Im(Z5 e
−2iθ23)
2Re(Z6 e−iθ23)
, (C.9)
tan 2θ13 =
2 Im(Z6 e
−iθ23)
Z1 −A2/v2 . (C.10)
80
Using the well known identity tan 2θ13 = 2 tan θ13/(1− tan2 θ13), one can use eqs. (C.9)
and (C.10) to eliminate θ13 and obtain an equation for φ.
2 The resulting equation
for φ has more than one solution. Plugging a given solution for φ back into eq. (C.9)
yields a corresponding solution for θ13. Note that if (θ13 , φ) is a solution to eqs. (C.9)
and (C.10), then so is (−θ13 , φ ± π), in agreement with eqs. (2.50) and (2.52). By
restricting to the domain of θ13 and φ specified by eq. (C.8), only one of these two
solutions survives. However, multiple solutions to eqs. (C.9) and (C.10) still exist within
the allowed domain, which correspond to different choices for the mass ordering of the
three neutral Higgs fields. By imposing a particular mass ordering, a unique solution is
selected [see eqs. (C.22) and (C.26)].
Finally, having obtained φ and tan θ13, we use C12 = 0 in eq. (C.4) to compute
θ12, with the result
tan 2θ12 =
s13 Im(Z5 e
−2iθ23) + 2c13Re(Z6 e−iθ23)
c213 (A
2/v2 − Z1) + Re(Z5 e−2iθ23)− 2s13c13 Im(Z6 e−iθ23)
. (C.11)
We can simplify the above result by using eqs. (C.9) and (C.10) to solve for Im(Z5 e
−2iθ23)
and Im(Z6 e
−iθ23) and eliminate these factors from eq. (C.11). The end result is:
tan 2θ12 =
2cos 2θ13Re(Z6 e
−iθ23)
c13
[
c213(A
2/v2 − Z1) + cos 2θ13Re(Z5 e−2iθ23)
] . (C.12)
Note that if θ12 is a solution to eq. (C.12), then θ12 ± π/2 is also a solution. That is,
eq. (C.12) yields two solutions for θ12 in the allowed domain [eq. (C.8)], which correspond
to the two possible mass orderings of h1 and h2 as shown below eq. (C.25).
The neutral Higgs boson masses were given in eq. (C.5). With the help of
eqs. (C.9), (C.10) and (C.12), one can can express these masses in terms of Z1, Z6 and
the invariant angles:
m21 =
[
Z1 − s12
c12c13
Re(Z6 e
−iθ23) +
s13
c13
Im(Z6 e
−iθ23)
]
v2 , (C.13)
m22 =
[
Z1 +
c12
s12c13
Re(Z6 e
−iθ23) +
s13
c13
Im(Z6 e
−iθ23)
]
v2 , (C.14)
m23 =
[
Z1 − c13
s13
Im(Z6 e
−iθ23)
]
v2 . (C.15)
For the subsequent analysis, it is useful to invert eqs. (C.13)–(C.15) and solve
for Z1, Re(Z6 e
−iθ23) and Im(Z6 e−iθ23):
Z1v
2 = m21c
2
12c
2
13 +m
2
2s
2
12c
2
13 +m
2
3s
2
13 , (C.16)
Re(Z6 e
−iθ23) v2 = c13s12c12(m22 −m21) , (C.17)
Im(Z6 e
−iθ23) v2 = s13c13(c212m
2
1 + s
2
12m
2
2 −m23) . (C.18)
2Recall that the quantity A2 [eq. (2.42)] depends on φ via Re(Z5 e
−2iθ23 ) = |Z5| cos 2(θ56 + φ).
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In addition, eqs. (C.10) and (C.12) can be used to express Re(Z5 e
−iθ23) in terms of Z6:
Re(Z5 e
−2iθ23) =
c13
s13
Im(Z6 e
−iθ23) +
c212 − s212
c13s12c12
Re(Z6 e
−iθ23) . (C.19)
Inserting eqs. (C.17) and (C.18) into eqs. (C.9) and (C.19) then yields expressions for
Im(Z5 e
−iθ23) and Re(Z5 e−iθ23) in terms of the invariant angles and the neutral Higgs
masses. The above results can be used to derive an expression for
Im(Z∗5Z
2
6 ) = 2Re(Z5e
−2iθ23)Re(Z6 e−iθ23) Im(Z6 e−iθ23)
− Im(Z5e−2iθ23)
{
[Re(Z6 e
−iθ23)]2 − [Im(Z6 e−iθ23)]2
}
. (C.20)
Using eq. (C.9) and eqs. (C.17)–(C.19), one can simplify the right hand side of eq. (C.20)
to obtain:
Im(Z∗5Z
2
6 ) v
6 = 2s13c
2
13s12c12 (m
2
2 −m21)(m23 −m21)(m23 −m22) . (C.21)
Eq. (C.21) was first derived in ref. [88]; it is equivalent to a result initially obtained
in ref. [98]. In particular, if any two of the neutral Higgs masses are degenerate, then
Im(Z∗5Z
2
6 ) = 0, in which case one can always find a basis in which the pseudo-invariants
Z5 and Z6 are simultaneously real. The neutral scalar squared-mass matrix [eq. (2.24)]
then breaks up into a block diagonal form consisting of a 2× 2 block and a 1× 1 block.
The diagonalization of the 2×2 block has a simple analytic form, and the neutral scalar
mixing can be treated more simply by introducing one invariant mixing angle instead of
the three needed in the general case. Note that Im(Z∗5Z
2
6 ) = 0 is a necessary (although
not sufficient) requirement for a CP-conserving Higgs sector, as discussed in Chapter
3.1. For the remainder of this Appendix, we shall assume that the neutral Higgs boson
masses are non-degenerate.
In order to facilitate the discussion of the CP-conserving limit and the decou-
pling limit of the 2HDM (which are treated in Chapter 3.1 and Appendix D, respec-
tively), it is useful to derive a number of additional relations for the invariant angles.
First, we employ eqs. (C.13)–(C.15) to eliminate θ12 and φ and obtain a single equation
for θ13:
s213 =
(Z1v
2 −m21)(Z1v2 −m22) + |Z6|2v4
(m23 −m21)(m23 −m22)
. (C.22)
Eq. (C.22) determines c13 (in the convention where c13 ≥ 0). The sign of s13 is deter-
mined from eq. (C.15), which can be rewritten as:
sinφ =
(Z1v
2 −m23) tan θ13
|Z6|v2 . (C.23)
Since sinφ ≥ 0 in the angular domain specified by eq. (C.8), it follows that the sign of
s13 is equal to the sign of the quantity Z1v
2 − m23. In particular, if m23 is the largest
eigenvalue of M˜ [eq. (2.24)], then it must be greater than the largest diagonal element
of M˜. That is, Z1v2 −m23 < 0 if m3 > m1,2, in which case s13 ≤ 0.
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However, eq. (C.23) does not fix the sign of cosφ. To determine this sign, we
can use eq. (C.9) to eliminate θ13 from eq. (C.23). Consequently, one obtains a single
equation for φ:
tan 2φ =
Im(Z∗5Z
2
6 )
Re(Z∗5Z
2
6 ) +
|Z6|4v2
m23 − Z1v2
. (C.24)
Given sinφ ≥ 0 and tan 2φ in the region 0 ≤ φ < π, one can uniquely determine the
value of φ (and hence the sign of cosφ). Thus, for a fixed ordering of the neutral
Higgs masses, eqs. (C.22)–(C.24) provide a unique solution for (θ13, φ) in the domain
−π/2 ≤ θ13 < π/2 and 0 ≤ φ < π.
Next, we note that eq. (C.17) can be rewritten as:
sin 2θ12 =
2 |Z6| v2 cosφ
c13(m
2
2 −m21)
. (C.25)
As advertised below eq. (C.12), the mass ordering of m1 andm2 fixes the sign of sin 2θ12.
In particular, in the angular domain of eq. (C.8), m2 > m1 implies that s12 cosφ ≥ 0.
The sign of s12 is then fixed after using eq. (C.21) to infer that sin 2θ56 cosφ ≥ 0 for
m3 > m2 > m1.
An alternative expression for θ12 can be obtained by combining eqs. (C.16)
and (C.22): which yields:
c213s
2
12 =
(Z1v
2 −m21)(m23 − Z1v2)− |Z6|2v4
(m22 −m21)(m23 −m22)
. (C.26)
Note the similarity of the expressions given by eqs. (C.22) and (C.26); both these results
play an important role in determining the conditions that govern the decoupling limit.
A simpler form for tan2 θ13 can also be obtained by combining eqs. (C.10) and
(C.23):
tan2 θ13 =
m23 −A2
m23 − Z1v2
. (C.27)
Finally, one can derive an expression for m22 − m23, after eliminating Im(Z6e−iθ23) in
favor of Re(Z5e
−2iθ23) using eq. (C.19):
m22 −m23 =
v2
c213
[
Re(Z5e
−2iθ23) +
c13(s
2
12 − c212s213)
s12c12
Re(Z6e
−iθ23)
]
. (C.28)
The expressions for the differences of squared-masses [eqs. (C.25) and (C.28)] take on
rather simple forms in the CP-conserving limit.
In this discussion we have assumed that Z6 6= 0. The Z6 = 0 case is treated
separately in section 3.2.
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Appendix D
The Decoupling Limit of the 2HDM
One can consider the case in which all but one Higgs have masses at some high
scale Λ. The effective low energy theory is a one-Higgs-doublet model that corresponds
to the Higgs sector of the Standard Model; the heavier scalar particles are therefore
“decoupled” from the low energy theory [59, 65]. The light neutral (SM-like) Higgs has
a mass of order the electroweak scale: m1 ∼ v. This decoupling limit corresponds to
Y2 ≫ v2 and |Zi| <∼ O(1) ∀ i. In the first section of this chapter, I present the basis-
independent description of the 2HDM that was derived in [66]. Section D.2 describes
the impact of CP-violation on the effective dimension-6 operators in the decoupling
limit of the 2HDM.
D.1 The Decoupling Condition in the Basis-Independent
Formalism
We shall order the neutral scalar masses according to m1 < m2,3 and define
the invariant Higgs mixing angles accordingly. Thus, we expect one light CP-even Higgs
boson, h1, with couplings identical (up to small corrections) to those of the Standard
Model (SM) Higgs boson. Using the fact that m21, |Zi|v2 ≪ m22, m23, m2H± in the
decoupling limit, eqs. (C.14) and (C.15) yield:
|s12| <∼ O
(
v2
m22
)
≪ 1 , |s13| <∼ O
(
v2
m23
)
≪ 1 , (D.1)
and eq. (C.24) imples that tan 2φ + tan 2θ56 ≪ 1, where θ56 ≡ 12 argZ5 − argZ6. This
latter inequality is equivalent to:
Im(Z5 e
−2iθ23) <∼ O
(
v2
m23
)
≪ 1 . (D.2)
Note that eq. (D.2) is also satisfied if θ23 → θ23 + π/2. These two respective solutions
(modulo π) correspond to the two possible mass orderings of h2 and h3.
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One can explicitly verify the assumed mass hierarchy of the Higgs bosons in
the decoupling limit. Using eqs. (C.13) and (D.1), it follows that m21 = Z1v
2, with
corrections <∼ O(v4/m22,3). Eq. (C.27) yields m23 = A2, with corrections <∼ O(v2),
and eq. (C.28) yields m23 − m22 <∼ O(v2). Finally, eqs. (2.23) and (2.42) imply that
m2H± −m23 <∼ O(v2). That is, m1 ≪ m2 ≃ m3 ≃ mH± .
The values of the qkℓ in the exact decoupling limit, where
s12 = s13 = Im(Z5 e
−2iθ23) = 0 , (D.3)
are tabulated in Table D.1.
Table D.1: The U(2)-invariant quantities qkℓ in the exact decoupling limit.
k qk1 qk2
1 1 0
2 0 1
3 0 i
4 i 0
It is a simple exercise to insert the values of the qkℓ in the exact decoupling limit into
the Higgs couplings of sections 2.5 and 2.6. The couplings of h1 ≡ h are then given by:
Lh =
1
2(∂µh)
2 − 12Z1v2h2 − 12vZ1h3 − 18vZ1h4 +
(
gmWW
+
µ W
µ− +
g
2cW
mZZµZ
µ
)
h
+
[
g2
4
W+µ W
µ− +
g2
8c2W
ZµZ
µ
]
h2 +
{(
eg
2
AµW+µ −
g2s2W
2cW
ZµW+µ
)
G−h+ h.c.
}
−12 ig
[
W+µ G
−↔∂ µ h+ h.c.
]
+
g
2cW
ZµG0
↔
∂µ h+
1
v
DMDDh+
1
v
UMUUh . (D.4)
This is precisely the SM Higgs Lagrangian. Even in the most general CP-violating
2HDM, the interactions of the h in the decoupling limit are CP-conserving and diag-
onal in quark flavor space. CP-violating and flavor non-diagonal effects in the Higgs
interactions are suppressed by factors of O(v2/m22,3). In contrast to the SM-like Higgs
boson h, the interactions of the heavy neutral Higgs bosons (h2 and h3) and the charged
Higgs bosons (H±) exhibit both CP-violating and quark flavor non-diagonal couplings
(proportional to the ρQ) in the decoupling limit. In particular, whereas eq. (D.2) im-
plies that sin 2(θ5 − θ23) ≪ 1, the CP-violating invariant quantities sin(θ6 − θ23) and
sin(θ7 − θ23) [c.f. eq. (3.2)] need not be small in the most general 2HDM.
One can understand the origin of the decoupling conditions [eqs. (D.1) and
(D.2)] as follows. First, using eq. (C.5), we see that we can decouple h2 and h3 (and
H±) by taking A2 ≫ v2 while sending q12 → 0. Thus, in the convention in which the
mass ordering of the three neutral Higgs states is m1 ≤ m2 ≤ m3, it follows that the
exact decoupling limit is formally achieved when A2 →∞ and |q12|2 = s212+ c212s213 = 0,
which implies that s12 = s13 = 0. Inserting these results into eq. (2.44) yields R˜ = I,
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where I is the 3× 3 identity matrix. Consequently, M˜ [see eqs. (2.41)–(2.43)] must be
diagonal up to corrections of O(v2/A2). However, because eq. (2.41) is dominated in
the decoupling limit by its 22 and 33 elements (which are approximately degenerate),
it follows that the 23 element must vanish exactly in leading order. Thus, in the exact
decoupling limit, Im(Z5 e
−2iθ23) = 0. Note that this latter constraint is consistent with
eq. (C.9), as θ13 = 0 in the decoupling limit.
For further details and a more comprehensive treatment of the decoupling
limit, see ref. [59].
D.2 Dimension 6 Operators in the Decoupling Limit
One can consider the case in which all but one Higgs have masses at some high
scale Λ. The light neutral (SM-like) Higgs has a mass of order the electroweak scale:
m1 ∼ v. In this limit,
s12 ∼ s13 ∼ O
(
v2
Λ2
)
,
c12 ∼ c13 ∼ 1, (D.5)
as discussed in [66]. In this scenario one can imagine that one has integrated out the
higher mass fields, leaving the Standard Model as the effective low-energy theory. In
a linear model of electroweak symmetry breaking, deviations from the Standard Model
can be realized in two dimension 6 operators of the effective Lagrangian:
Leff = LSM + 1
v2
(S OS + T OT ),
where S and T are of order O( v2
Λ2
).1 The parameter U , which corresponds to a dimen-
sion 8 operator and is of order O( v4Λ4 ), will be negligible here [53]. Thus, in a decoupling
scenario, contributions to S and T from an extended Higgs sector are constrained by re-
quiring that they not spoil the rough agreement with the Standard Model demonstrated
in equations (4.21) – (4.22). Using a notation similar to that of Grojean et al. [54], one
can define the operators as:
OS = α
4sW cW
OWB , OT = −2αOh, (D.6)
where
OWB = Φ†σaΦW aµνBµν , Oh = |Φ†DµΦ|2. (D.7)
The covariant derivative is given by Dµ = δµ− ig2 σaW aµ−ig′Y Bµ, and the field strengths
by W aµν = δµW
a
ν − δνW aµ + gǫabcW bµW cν and Bµν = δµBν − δνBµ. OWB and Oh are
1If the new physics involves additional vectors, such as gauge bosons, two additional parameters (Y
and W ) associated with dimension 6 operators are added to the effective Lagrangian—see ref. [14].
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related to two well-known CP-conserving operators (OWB and O
(3)
ϕ ) from the work of
Buchmu¨ller and Wyler [23].
Before calculating S and T in this limit, it is useful to derive relations between
the scalar masses. This is done in Appendix B, with the results
m23 ≡ Λ2,
m22 = Λ
2 +Re(Z5e
−2iθ23)v2,
m2H± = Λ
2 + 12 [Re(Z5e
−2iθ23)− Z4]v2. (D.8)
These relations allow S to be expanded in the decoupling limit in powers of v
2
Λ2 .
Now one can calculate S in the decoupling limit. It is convenient to set the
reference point mφ equal to m1. Thus, one can write the general expression for S as
follows:
S =
1
πm2Z
{
q231
[B22(m2Z ;m2Z ,m23) + B22(m2Z ;m21,m22)−m2ZB0(m2Z ;m2Z ,m23)]
+q221
[B22(m2Z ;m2Z ,m22) + B22(m2Z ;m21,m23)−m2ZB0(m2Z ;m2Z ,m22)]
−(q221 + q231)
[B22(m2Z ;m2Z ,m21)−m2ZB0(m2Z ;m2Z ,m21)]
+q211B22(m2Z ;m22,m23)− B22(m2Z ;m2H± ,m2H±)
}
, (D.9)
where the identity
∑3
k=1 q
2
k1 = 1 has been used. In the decoupling limit, q31 ∼ q21 ∼
O
(
v2
Λ2
)
, and q11 ∼ 1; so S becomes
S =
1
πm2Z
{
B22(m2Z ;m22,m23)−B22(m2Z ;m2H± ,m2H±) +O
(
v4
Λ4
)[
B22(m2Z ;m2Z ,m23)
+B22(m2Z ;m21,m22)−m2ZB0(m2Z ;m2Z ,m23) + B22(m2Z ;m2Z ,m22) + B22(m2Z ;m21,m23)
−m2ZB0(m2Z ;m2Z ,m22) + B22(m2Z ;m2Z ,m21)−m2ZB0(m2Z ;m2Z ,m21)
]}
. (D.10)
The expression above can be evaluated with equations (D.8) and the following rules,
where the order parameter y is defined by y ≡ v2Λ2 , and a is order 1:
B22(m2Z ; Λ2 + av2,Λ2) = −
m2Z
12
[
∆− ln Λ2 − a
2
y +
1
10
m2Z
v2
y +O(y2)
]
,
B22(m2Z ; Λ2 + av2,Λ2 + av2) = −
m2Z
12
[
∆− ln Λ2 − ay + 1
10
m2Z
v2
y +O(y2)
]
,
B22(m2Z ; Λ2 + av2, v2) = −
m2Z
12
[
∆+
5
6
− lnΛ2 +O(y)
]
,
m2ZB0(m2Z ;m2Z ,Λ2 + av2) =
v2
2
y +O(y2) . (D.11)
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Thus one finds that S = 1
πm2
Z
[
m2
Z
12 (
m23+m
2
2
2v2
− m
2
H±
v2
)y +m2ZO
(
y2 ln y
)]
. Since
y2 ln y ≪ y for y ≪ 1, the result may be written
S ≈ 1
24π
m23 +m
2
2 − 2m2H±
m23
. (D.12)
Hence, the limits on S given in equations (4.21) – (4.22) constrain the splitting between
the neutral heavy Higgs massses and the charged Higgs mass to be small. This is
equivalent to constraining differences of the scalar couplings, as one can see from using
eq. (D.8) to rewrite eq. (D.12):
S ≈ 1
24π
Z4v
2
m23
. (D.13)
One can evaluate T in a similar manner, using the expansion
F (Λ2 + av2,Λ2 + bv2) ≈ Λ2y2 (a− b)
2
6
. (D.14)
The expression for T in eq. (4.13) can be written
T =
1
16πs2Wm
2
W
{
|q22|2F (m2H± ,m22) + |q32|2F (m2H± ,m23)− q211F (m22,m23)
+(q231 + q
2
21)
[
F (m2H± ,m
2
1)− F (m2W ,m21) + F (m2Z ,m21) + 4m2WB0(0;m2W ,m21)
−4m2ZB0(0;m2Z ,m21)
]
+ q231
[
F (m2W ,m
2
3)− F (m21,m22)− F (m2Z ,m23)
−4m2WB0(0;m2W ,m23) + 4m2ZB0(0;m2Z ,m23)
]
+q221
[
F (m2W ,m
2
2)− F (m21,m23)− F (m2Z ,m22)
−4m2WB0(0;m2W ,m22) + 4m2ZB0(0;m2Z ,m22)
]}
. (D.15)
Noting that |q22|2 ∼ |q32|2 ∼ q211 ∼ 1, T can be expanded in the decoupling limit as
T =
1
16πs2Wm
2
W
[
F (m2H± ,m
2
2)+F (m
2
H±,m
2
3)−F (m22,m23)+q231O(v2 ln y)+q221O(v2 ln y)
]
.
(D.16)
As in the previous calculation, the answer contains terms ofO(y) and terms ofO(y2 ln y).
Neglecting the latter, and using eq. (D.14), one obtains the following:
T ≈ (m
2
H± −m23)(m2H± −m22)
48πs2Wm
2
Wm
2
3
, (D.17)
or
T ≈
[
Z4 − Re(Z5e−2iθ23)
] [
Z4 +Re(Z5e
−2iθ23)
]
v4
192πs2Wm
2
Wm
2
3
. (D.18)
As a check on this calculation, one can use eqs. (D.12) and (D.17) to calcu-
late the effect of the MSSM Higgs sector on S and T in the decoupling limit. In the
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supersymmetric limit CP is conserved, so m2 becomes mH0 and m3 becomes mA0 . The
MSSM mass relations can be approximated in the decoupling limit by the following:
m2H± = m
2
A0 +m
2
W ,
m2H0 = m
2
A0 +m
2
Z sin
2 2β +O(v2/m2A0). (D.19)
Substituting eq. (D.19) into (D.12) and (D.17) gives
S(MSSM −Higgs) ≈ m
2
Z(sin
2 2β − 2c2W )
24πm2
A0
,
T (MSSM −Higgs) ≈ m
2
Z(c
2
W − sin2 2β)
48πs2Wm
2
A0
, (D.20)
which agree with the results in [64].
D.3 The Lack of CP-Violating Effects in Dimension 6 Op-
erators
One notes that despite allowing for the physical Higgs fields to be mixings
of CP-eigenstates, no new phenomena related to CP-violation have emerged in this
calculation. In fact, although there exist CP-violating operators of dimension 6, the
following discussion will show that they do not contribute to S or T .
The CP-violating dimension 6 operators, as listed in ref. [23], are:
OΦG˜ = (Φ†Φ)G˜AµνGAµν , (D.21)
OΦW˜ = (Φ†Φ)W˜ aµνW aµν , (D.22)
OΦB˜ = (Φ†Φ)B˜µνBµν , (D.23)
OW˜B = (Φ†σaΦ)W˜ aµνBµν , (D.24)
where V˜ µν ≡ 12ǫµνρσVρσ.
The operators in equations (D.21) – (D.23) cannot contribute to T [see
eq. (4.2)]; there is no CP-violating equivalent ofOh. However, one might ask whether the
operator OW˜B , which is the CP-violating analogue of OWB , contributes to S. Starting
with eq. (D.24), one obtains the following:
OW˜B =
1
2
(Φ†σaΦ)ǫµνρσW aρσBµν
=
1
2
(Φ†σaΦ)ǫµνρσ(δρW aσ − δσW aρ + gǫabcW bµW cν )(δµBν − δνBµ). (D.25)
After some manipulation of indices and replacing Φ with 1√
2
( 0v ), one finds that the
contribution to iΠµν
W 3B
(q2) would be −iv2ǫσνµρqρqσ. As this has no part proportional to
gµνq2, one concludes that the operator OW˜B makes no contribution to S [see equations
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(4.1) and (4.4)]. Other CP-violating operators (of higher dimension) are suggested
in [93] and [8]. However, in the decoupling scenario, operators above dimension 6
are suppressed by powers of v
2
Λ2 [53], and thus will not produce measurable effects on
oblique corrections.
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Appendix E
Derivation of Basis-Independent
Conditions for CP-invariance of Scalar
Potential
In this section we derive the conditions for an explicitly CP-conserving scalar
potential. Let us start by applying a CP-transformation of the scalar potential in
eq. (2.2), i.e. CP V CP−1. Beginning with the quadratic (Yab¯) term and using the
definition in eq. (3.10), we note that
CP Φ†a¯Φb CP−1 = (v̂∗a¯v̂∗c¯ ± e2iθ23ŵ∗a¯ŵ∗c¯ )(v̂bv̂d ± e−2iθ23ŵbŵd)ΦTc Φ∗¯d . (E.1)
Using ΦTc Φ
∗¯
d
= Φ†
d¯
Φc, the first term in eq. (2.2) becomes
CP Vquad CP−1 = Yab¯(v̂∗a¯v̂∗c¯ v̂bv̂d + ŵ∗a¯ŵ∗c¯ ŵbŵd ± e2iθ23ŵ∗a¯ŵ∗c¯ v̂bv̂d
±e−2iθ23 v̂∗a¯v̂∗c¯ ŵbŵd)Φ†d¯Φc
= (Y1 + Y2 ± e2iθ23Y ∗3 v̂dŵ∗c¯ ± e−2iθ23Y3ŵdv̂∗c¯Φ†d¯Φc . (E.2)
Applying eq. (2.11), and using the orthogonality relation v̂aŵ
∗¯
a = 0, this becomes
CP Vquad CP−1 = Y1 + Y2 ± e−2iθ23Y3v̂cv̂∗c¯ ŵdŵ∗¯dH†2H1 ± e2iθ23Y ∗3 v̂cv̂∗c¯ ŵdŵ∗¯dH†1H2
= Y1 + Y2 ± (e−2iθ23Y3H†2H1 + h.c.) . (E.3)
Now requiring the Lagrangian to be invariant under CP, ie CP Vquad CP−1 = Vquad,
yields the following condition:
Y1 + Y2 ± (e−2iθ23Y3H†2H1 + h.c.) = Y1 + Y2 + (Y3H†1H2 + h.c.) , (E.4)
or
e−iθ23Y3 = ±Y ∗3 eiθ23 . (E.5)
The analogous calculation for the quartic term in eq. (2.2) yields similar conditions for
Z6e
−iθ23 and Z7e−iθ23 :
e−iθ23Z6,7 = ±Z∗6,7eiθ23 . (E.6)
91
Meanwhile, for the Z5 part of the potential, the relevant term after doing a CP-
transformation appears as
CP V CP−1 ∋ 12
[
e−4iθ23Z5(H
†
2H1)
2 + h.c.
]
, (E.7)
which leads to the condition
Z∗5e
2iθ23 = Z5e
−2iθ23 . (E.8)
One can now calculate, for example,
Z∗5Z
2
6 = (Z5e
−4iθ23)(Z∗26 e
4iθ23) = Z5Z
∗2
6 ,
Z6Z
∗
7 = (±Z∗6e2iθ23)(∓Z7e−2iθ23) = −Z∗6Z7,
Z∗5 (Z
2
6 + Z
2
7 ) = (Z5e
−4iθ23)(Z∗26 e
4iθ23 + Z∗27 e
4iθ23) = Z5(Z
∗2
6 + Z
∗2
7 ), (E.9)
using eq. (E.6) and eq. (E.8). Thus, we replicate the CP conservation conditions of
eq. (3.1).
E.1 Calculation of S, T and U
The one-loop corrections to the gauge boson propagators contain 3- and 4-
point interactions between gauge bosons and the Higgs bosons of the 2HDM, the form of
which can be read off from eqs. (2.65) – (2.66). The resulting Feynman rules in t’Hooft-
Feynman gauge are shown in Table E.1. To simplify the Feynman rules, we have made
use of eqs. (2.36) and (2.38). The 2HDM contributions to S are shown in Tables E.2 and
E.2; Contributions to T and S+U are displayed in Tables E.4, E.5 and E.6, respectively.
The reference Standard Model contributions, which are subtracted out from the 2HDM
contributions, are shown in Table E.7. The integrals are evaluated as in ref. [85]:∫
d4k
(2π)4
kµkν
(k2 −m21)((k + q)2 −m22)
=
i
16π2
gµνB22(q
2;m21,m
2
2), (E.10)∫
d4k
(2π)4
1
(k2 −m21)((k + q)2 −m22)
=
i
16π2
B0(q
2;m21,m
2
2), (E.11)∫
d4k
(2π)4
1
(k2 −m2) =
i
16π2
A0(m
2). (E.12)
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The contributions to S from the diagrams in Table E.2 and Table E.7 are compiled
according to eq. (4.5) and eq. (4.6), with the following result:
g2
16πc2W
S ≡ F 2HZZ (m2Z)− F 2Hγγ (m2Z)−
c2W
sW cW
F 2HZγ (m
2
Z)
−FSMZZ (m2Z) + FSMγγ (m2Z) +
c2W
sW cW
FSMZγ (m
2
Z)
=
g2
16π2m2Z
[
q2k1B22(m2Z ;m2Z ,m2k)− B22(m2Z ;m2Z ,m2φ)
−m2Zq2k1B0(m2Z ;m2Z ,m2k) +m2ZB0(m2Z ;m2Z ,m2φ)
+q211B22(m2Z ;m22,m23) + q221B22(m2Z ;m21,m23)
+q231B22(m2Z ;m21,m22)− B22(m2Z ;m2H± ,m2H±)
]
. (E.13)
The parameter T can be calculated in a similar manner, using the following relations
provided in ref. [64]:
4B22(0;m
2
1,m
2
2) = F (m
2
1,m
2
2) +A0(m
2
1) +A0(m
2
2) , (E.14)
B0(0;m
2
1,m
2
2) =
A0(m
2
1)−A0(m22)
m21 −m22
, (E.15)
with F (m21,m
2
2) ≡ 12 (m21 +m22) −
m21m
2
2
m21−m22
ln
(
m21
m22
)
as before. Adding the contributions
to T from all the diagrams shown in Tables E.4, E.5 and E.7 yields
αT ≡ A
2H
WW (0)
m2W
− A
2H
ZZ(0)
m2Z
−
[
ASMWW (0)
m2W
− A
SM
ZZ (0)
m2Z
]
=
g2
16π2m2W
{
|qk2|2B22(0;m2H± ,m2k)− q221B22(0;m21,m23)− q211B22(0;m22,m23)
−q231B22(0;m21,m22)−
1
2
A0(m
2
H±) + q
2
k1[B22(0;m
2
W ,m
2
k)−B22(0;m2Z ,m2k)]
−B22(0;m2W ,m2φ)− q2k1[m2WB0(0;m2W ,m2k)−m2ZB0(0;m2Z ,m2k)]
+B22(0;m
2
Z ,m
2
φ) +m
2
WB0(0;m
2
W ,m
2
φ)−m2ZB0(0;m2Z ,m2φ)
}
. (E.16)
This can be simplified using eq. (E.14) and α =
g2s2
W
4π :
T =
1
16πm2W s
2
W
{|qk2|2F (m2H± ,m2k)− q221F (m21,m23)− q211F (m22,m23)− q231F (m21,m22)
−F (m2W ,m2φ) + q2k1[F (m2W ,m2k)− F (m2Z ,m2k)] + F (m2Z ,m2φ)
−4q2k1[m2WB0(0;m2W ,m2k)−m2ZB0(0;m2Z ,m2k)]
+4m2WB0(0;m
2
W ,m
2
φ)− 4m2ZB0(0;m2Z ,m2φ)
}
. (E.17)
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Lastly, adding all of the contributions to S+U in Tables E.6 and E.7 gives the following:
g2
16π
(S + U) = FWW (m
2
W )− Fγγ(m2W )−
cW
sW
FZγ(m
2
W )
=
g2
16π2m2W
[
−q2k1m2WB0(m2W ;m2W ,m2k) +m2WB0(m2W ;m2W ,m2φ)
−B22(m2W ;m2W ,m2φ) + q2k1B22(m2W ;m2W ,m2k)
+|qk2|2B22(m2W ;m2H± ,m2k)− 2B22(m2W ;m2H± ,m2H±)
]
, (E.18)
or
S + U =
1
πm2W
[
−q2k1m2WB0(m2W ;m2W ,m2k) +m2WB0(m2W ;m2W ,m2φ)
−B22(m2W ;m2W ,m2φ) + q2k1B22(m2W ;m2W ,m2k)
+|qk2|2B22(m2W ;m2H± ,m2k)− 2B22(m2W ;m2H± ,m2H±)
]
. (E.19)
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Table E.1: Feynman rules used in the calculation of the oblique parameters.
W µ+
W µ+
hi
hi
= ig
2
2 Re(|qi1|2 + |qi2|2)gµν
= ig
2
2 g
µν
Zµ
Zµ
hi
hi
= ig
2
2c2
W
Re(|qi1|2 + |qi2|2)gµν
= ig
2
2c2
W
gµν
W µ+
W µ+
H+
H+
= ig
2
2 g
µν
Zµ
Zµ
H+
H+
= ig
2
2c2
W
c22W g
µν
W µ+
W µ+
hi = iqi1mW g g
µν
Zµ
Zµ
hi = iqi1mZg g
µν
W µ+ H
−
hi
= −iqi2 g2 (p2 + p1)µ
Zµ
h1, G
0
h3, h2
= Im(q32q
∗
12)
g
2cW
(p2 + p1)
µ
= q21
g
2cW
(p2 + p1)
µ
W µ+ G
−
hi
= −iqi1 g2 (p2 + p1)µ
Zµ
h2, h1
h3, G
0
= Im(q22q
∗
32)
g
2cW
(p2 + p1)
µ
= −q11 g2cW (p2 + p1)µ
W µ+ G
−
φ
= −ig2 (p2 + p1)µ
Zµ
h1, G
0
h2, h3
= Im(q12q
∗
22)
g
2cW
(p2 + p1)
µ
= q31
g
2cW
(p2 + p1)
µ
γµ H
+, G+
H+, G+
= igsW (p2 + p1)
µ
Zµ H
+
H+
= (c2W − s2W ) ig2cW (p2 + p1)µ
W µ+
W µ+
φ
= imW g g
µν
Zµ
Zµ
φ
= imZg g
µν
Zµ
φ
G0
= − g2cW (p2 + p1)µ
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Table E.2: Diagrams representing the 2HDM contributions to S, part 1.
Contributions to Π2HZZ(m
2
Z)
Z Z
Z
hi (i = 1, 2, 3)
= − g2M2Z
16π2c2
W
q2i1B0(m
2
Z ;m
2
Z ,m
2
i )
Z Z
G0
hi (i = 1, 2, 3)
= g
2
16π2c2
W
q2i1B22(m
2
Z ;m
2
Z ,m
2
i )
Z Z
h3
h1
= g
2
16π2c2
W
q221B22(m
2
Z ;m
2
1,m
2
3)
Z Z
h3
h2
= g
2
16π2c2
W
q211B22(m
2
Z ;m
2
2,m
2
3)
Z Z
h1
h2
= g
2
16π2c2
W
q231B22(m
2
Z ;m
2
1,m
2
2)
Z Z
H+
H+
= g
2
16π2c2
W
c22WB22(m
2
Z ;m
2
H± ,m
2
H±)
Table E.3: Diagrams representing the 2HDM contributions to S, part 2.
Contributions to Π2Hγγ (m
2
Z) and Π
2H
Zγ (m
2
Z)
γ γ
H+
H+
= 4 g
2
16π2
s2WB22(m
2
Z ;m
2
H± ,m
2
H±)
Z γ
H+
H+
= 2g
2
16π2cW
sW c2WB22(m
2
Z ;m
2
H± ,m
2
H±)
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Table E.4: Diagrams representing the 2HDM contributions to T , part 1.
Contributions to A2HWW (0)
W+ W+
W+
hi (i = 1, 2, 3)
= − g2m2W
16π2
q2i1B0(0;m
2
W ,m
2
i )
W+ W+
G+
hi (i = 1, 2, 3)
= g
2
16π2 q
2
i1B22(0;m
2
W ,m
2
i )
W+ W+
h1
H+
= g
2
16π2 |q12|2B22(0;m2H± ,m21)
W+ W+
h2
H+
= g
2
16π2
|q22|2B22(0;m2H± ,m22)
W+ W+
h3
H+
= g
2
16π2
|q32|2B22(0;m2H± ,m23)
W+ W+
hi (i = 1, 2, 3)
= −12 g
2
16π2
A0(m
2
i )
W+ W+
H+
= −12 g
2
16π2A0(m
2
H±)
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Table E.5: Diagrams representing the 2HDM contributions to T , part 2.
Contributions to A2HZZ(0)
Z Z
Z
hi (i = 1, 2, 3)
= − g2m2Z
16π2c2
W
q2i1B0(0;m
2
Z ,m
2
i )
Z Z
G0
hi (i = 1, 2, 3)
= g
2
16π2c2
W
q2i1B22(0;m
2
Z ,m
2
i )
Z Z
h3
h1
= g
2
16π2c2
W
q221B22(0;m
2
1,m
2
3)
Z Z
h3
h2
= g
2
16π2c2
W
q211B22(0;m
2
2,m
2
3)
Z Z
h1
h2
= g
2
16π2c2
W
q231B22(0;m
2
1,m
2
2)
Z Z
hi (i = 1, 2, 3)
= −12 g
2
16π2c2
W
A0(m
2
i )
Z Z
H+
= −12 g
2
16π2c2
W
c22WA0(m
2
H±)
Z Z
H+
H+
= g
2
16π2c2
W
c22WB22(0;m
2
H± ,m
2
H±)
= 12
g2
16π2c2
W
c22WA0(m
2
H±)
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Table E.6: Diagrams representing the 2HDM contributions to S + U .
Contributions to Π2HWW (m
2
W )
W+ W+
W+
hi (i = 1, 2, 3)
= − g2m2W
16π2
q2i1B0(m
2
W ;m
2
W ,m
2
i )
W+ W+
G+
hi (i = 1, 2, 3)
= g
2
16π2
q2i1B22(m
2
W ;m
2
W ,m
2
i )
W+ W+
H+
hi (i = 1, 2, 3)
= g
2
16π2
|qi2|2B22(m2W ;m2H± ,m2i )
Contributions to Π2Hγγ (m
2
W ) and Π
2H
Zγ (m
2
W )
γ γ
H+
H+
= 4 g
2
16π2
s2WB22(m
2
W ;m
2
H± ,m
2
H±)
Z γ
H+
H+
= 2g
2sW c2W
16π2cW
B22(m
2
W ;m
2
H± ,m
2
H±)
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Table E.7: Standard Model contributions to the oblique parameters.
Contributions to ΠSMWW (m
2
W ) and Π
SM
ZZ (m
2
Z)
W+ W+
W+
φ
= − g2m2W
16pi2
B0(m
2
W ;m
2
W ,m
2
1)
W+ W+
G+
φ
= g
2
16pi2
B22(m
2
W ;m
2
W ,m
2
1)
Z Z
Z
φ
= − g2m2Z
16pi2c2
W
B0(m
2
Z ;m
2
Z ,m
2
1)
Z Z
G0
φ
= g
2
16pi2c2
W
B22(m
2
Z ;m
2
Z ,m
2
1)
Contributions to ASMWW (0) and A
SM
ZZ (0)
W+ W+
W+
φ
= − g2m2W
16pi2
B0(0;m
2
W ,m
2
1)
W+ W+
G+
φ
= g
2
16pi2
B22(0;m
2
W ,m
2
1)
Z Z
Z
φ
= − g2m2Z
16pi2c2
W
B0(0;m
2
Z ,m
2
1)
Z Z
G0
φ
= g
2
16pi2c2
W
B22(0;m
2
Z ,m
2
1)
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Appendix F
Derivation of Tree-Level Unitarity
Limits
In section 1.1.4.2, constraints from perturbative unitarity in the Standard
Model were reviewed. In particular, an upper bound for the SM Higgs boson mass
mh were derived from the scattering of W
+W− → W+W−. One can use a similar
argument to put upper bounds on the magnitudes of the Zi parameters in the CP-
violating 2HDM. The implications of unitarity for the 2HDM has been studied in the
context of scattering of gauge bosons and the physical scalars [4, 47, 74, 82, 83, 118].
By putting an upper limit ξ on the amplitude for a process ϕAϕB → ϕCϕD, one can
quantify the constraints from perturbative unitarity as follows:∣∣∣gABCD
16π
∣∣∣ < ξ. (F.1)
Here the parameter ξ will be taken to be 12 , as in section 1.1.4.2. We will only
consider tree-level scattering here, so only quartic couplings will be involved, namely
W+W−W+W−, W+W−H+H−, (H+eiθ23)(H+eiθ23)W−W− + h.c., Z0Z0Z0hm,
G0hmG
−(H+eiθ23) + h.c., Z0Z0H+H−, and Z0Z0W−(H+eiθ23).
The equivalence theorem (see section 1.1.2) allows one to equate a high en-
ergy scattering amplitude involving gauge bosons to the analogous amplitude involving
Goldstone bosons1, by making the replacements W± → G±, Z0 → G0. Thus, one can
translate limits on the gauge boson/Higgs couplings into limits on the Goldstone/Higgs
couplings. The resulting constraints on Z1, Z3, Z3+Z4, Re(Z5e
−2iθ23), and Re(Z6e−iθ23)
can be read off directly from V4 [eq. (2.60)], as shown in Table F.1.
The CP-violating parameters Im(Z5e
−2iθ23) and Im(Z6e−iθ23) appear in a more
convoluted form in the quartic scalar potential. From the interaction
1
2Im(qm2Z6 e
−iθ23)G0G0G0hm , (F.2)
1up to a sign, which will not be important here
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Table F.1: Calculation of tree-level unitarity limits on the CP-conserving quartic cou-
plings. Combinatoric factors are included to take into account identical particles.
Relevant Term in Scalar Potential Amplitude Unitarity bound
1
2Z1G
+G−G+G− 116π (
1
2Z1) · 4 |Z1| < 4π
1
2Z3G
0G0H+H− 116π (
1
2Z3) · 2 |Z3| < 8π
(Z3 + Z4)G
+G−H+H− 116π (Z3 + Z4) |Z3 + Z4| < 8π
1
2Z5e
−2iθ23H+H+e2iθ23G−G− + h.c. 116πRe(Z5e
−2iθ23) · 4 |Re(Z5e−2iθ23)| < 2π
Z6e
−iθ23G0G0G−(H+eiθ23) + h.c. 116πRe(Z6e
−iθ23) · 4 |Re(Z6e−iθ23)| < 2π
and Table 2.1, one can write Feynman rules for m = 1, 2:
gG0G0G0h1 =
1
2(−s12Im[Z6e−iθ23 ]− c12s13Re[Z6e−iθ23 ]) · 3! ,
gG0G0G0h2 =
1
2(c12Im[Z6e
−iθ23 ]− s12s13Re[Z6e−iθ23 ]) · 3! . (F.3)
Unitarity requires |gG0G0G0hm | < 8π. It is convenient to combine the two limits in
quadrature to isolate Im(Z6e
−iθ23):
|gG0G0G0h1 |2 + |gG0G0G0h2 |2 < 64π2 ,[
Im[Z6e
−iθ23 ]
]2
+ s213
[
Re[Z6e
−iθ23 ]
]2
<
64π2
9
. (F.4)
Since s213
[
Re(Z6e
−iθ23)
]2
is real and non-negative, it must be true that |Im(Z6e−iθ23)| <
8π
3 . Similarly, one can use the term
1
2 iG
0hm
{
G−H+eiθ23
[
q∗m2Z4 − qm2Z5e−2iθ23
]
+ h.c.
}
, (F.5)
with m = 1, 2 to derive the following:
gG0G−(H+eiθ23 )h1 = −c12s13Z4 − s12Im(Z5e−2iθ23)− c12s13Re(Z5e−2iθ23),
gG0G−(H+eiθ23 )h2 = −s12s13Z4 + c12Im(Z5e−2iθ23)− s12s13Re(Z5e−2iθ23). (F.6)
Adding in quadrature and applying the unitarity bound gives, after some simplification:
s213
[
Z4 +Re(Z5e
−2iθ23)
]2
+
[
Im(Z5e
−2iθ23)
]2
< 64π2. (F.7)
One can conclude that |Im(Z5e−2iθ23)| < 8π.
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